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Wendgräben, 3. – 6. Oktober 2001

Proceedings

Otto-von-Guericke-Universität
Magdeburg





VORWORT

Seit 1991 wird von der GI-Fachgruppe 0.1.5 Automaten und Formale Sprachen jährlich der Theo-
rietag mit der Fachgruppensitzung veranstaltet. Die Serie begann 1991 in Magdeburg, wurde
1992 in Kiel, 1993 in Dagstuhl, 1994 in Herrsching, 1995 in Schloss Rauischholzhausen, 1996 in
Cunnersdorf, 1997 in Barnstorf, 1998 in Riveris, 1999 in Schauenburg-Elmshagen und 2000 in
Wien fortgesetzt. Im Jahre 2001 wird der Theorietag vom 3.–6. Oktober im Bildungszentrum
der Konrad-Adenauer-Stiftung in Wendgräben von der Arbeitsgruppe Formale Sprachen der
Fakultät für Informatik der Otto-von-Guericke-Universität Magdeburg veranstaltet.

Seit Cunnersdorf 1996 gehört zum Theorietag auch ein eintägiger Workshop zu einem aktuellen
Thema aus den Grenzgebieten der Automaten und Formalen Sprachen. Dieser Tradition folgend,
findet in diesem Jahr ein Workshop zum Thema Coding Theory and Formal Languages mit den
Vortragenden

• Véronique Bruyère (Mons, Belgien)

• Masami Ito (Kyoto, Japan)

• Helmut Jürgensen (Potsdam und London, Kanada)

• Juhani Karhumäki (Turku, Finnland)

statt.

Die Kurzfassungen dieser Vorträge als auch der Beiträge zum eigentlichen Theorietag sind in
dem vorliegenden Tagungsband enthalten. Ferner finden Sie hier die Programme des Workshops
und des Theorietages sowie eine Liste aller Teilnehmenden mit ihren Adressen.

Dem Kultusministerium des Landes Sachsen-Anhalt sowie der Otto-von-Guericke-Universität
Magdeburg gebührt Dank für die Unterstützung des Theorietages. Wir wünschen allen Teilneh-
menden einen interessanten und erfolgreichen Theorietag sowie einen angenehmen Aufenthalt
in Wendgräben.

Jürgen Dassow

Bernd Reichel Magdeburg, im Oktober 2001
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Workshop

”
Coding Theory and Formal Languages“

Wendgräben, 4. Oktober 2001

PROGRAMM

Donnerstag, 4. Oktober 2001

08:55 Begrüßung

09:00 – 10:00 Véronique Bruyère (Mons, Belgien):
Completion of Codes

10:00 Kaffeepause

10:30 – 11:30 Masami Ito (Kyoto, Japan):
Set of Primitive Words and Related Languages

11:30 Mittagspause

14:00 – 15:00 Helmut Jürgensen (Potsdam und London, Kanada):
Synchronizing Codes

15:00 Kaffeepause

15:30 – 16:30 Juhani Karhumäki (Turku, Finnland):
From Words to Finite Sets of Words

17:00 Besichtigung der St. Laurentius-Kirche in Loburg

18:30 Abendessen
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11. Theorietag

”
Automaten und Formale Sprachen“

Wendgräben, 5. – 6. Oktober 2001

PROGRAMM

Freitag, 5. Oktober 2001

08:55 Eröffnung des Theorietages

09:00 – 09:25 Oliver Boldt (Potsdam):
Solid Codes and HS-Codes

09:25 – 09:50 Ludwig Staiger (Halle):
Decidability of Code Properties

09:50 – 10:15 Andreas Klein (Kassel):
Faltungscodes aus Sicht der Automatentheorie

10:15 Kaffeepause

10:30 – 10:55 Heiko Vogler (Dresden):
Tree Transducers with Costs

10:55 – 11:20 Claus Jürgensen (Dresden):
Composition of Tree Transducers versus Categorical Deforestation

11:20 – 11:45 Heiko Stamer (Leipzig):
Dreibeinige PCP-Biber

11:45 – 12:10 Fritz v. Haeseler (Leuven, Belgien):
A Geometric Cobham-Semenov Theorem

12:10 Mittagspause

14:30 – 14:55 Markus Holzer (München):
Assembling Molecules in Atomix is Hard

14:55 – 15:20 Holger Petersen (Stuttgart):
Das Wortproblem regulärer Ausdrücke mit Durchschnitt ist vollständig
für LOGCFL

15:20 – 15:45 Klaus Reinhardt (Tübingen):
Über die Multiparty-Kommunikationskomplexität regulärer Sprachen

15:45 Kaffeepause
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12 Programm des 11. Theorietages

Freitag, 5. Oktober 2001 (Fortsetzung)

16:00 – 16:25 Jan-Thomas Löwe (Giessen):
Auf Zellularautomaten basierende Bilderzeugung und -kompression (Fortsetzung)

16:25 – 16:50 Dietrich Kuske (Leicester, England):
Welche Kommunikationsprotokolle lassen sich mit endlichen Automaten
beschreiben?

16:50 – 17:15 Martin Kutrib (Giessen):
State Complexity of Basic Operations on Nondeterministic Finite Automata

17:15 – 17:40 Friedrich Otto (Kassel):
Shrinking Alternating Two-Pushdown Automata

17:50 Fachgruppensitzung

18:30 Abendbrot

Samstag, 6. Oktober 2001

09:00 – 09:25 Benedikt Bollig (Aachen):
Generalised Regular MSC Languages

09:25 – 09:50 Henning Bordihn (Potsdam):
Decision Problems on the Power of Languages

09:50 – 10:15 Klaus Wich (Stuttgart):
Inhärenz der Mehrdeutigkeitsfunktionen kontextfreier Grammatiken

10:15 Kaffeepause

10:30 – 10:55 Suna Aydin (Potsdam):
Dialogues as Cooperating Grammars

10:55 – 11:20 Ralf Stiebe (Magdeburg):
Positive Valence Grammars

11:20 – 11:45 Henning Fernau (Tübingen):
Even Linear Simple Matrix Languages: Formal Language Properties
and Grammatical Inference

11:45 – 12:10 Rudolf Freund (Wien, Österreich):
Variablenkomplexität in graphkontrollierten, programmierten
und Matrix-Grammatiken

12:10 Mittagessen und Ende des Theorietages



COMPLETION OF CODES

Véronique Bruyère

Faculty of Sciences, University de Mons-Hainaut

6 avenue du Champ de Mars, B-7000-Mons, Belgium

e-mail: veronique.bruyere@umh.ac.be

In this talk, I want to document the state of the art of the problem of completing codes.
All codes are subsets of maximal codes and the investigation of maximal codes is active and

important in the theory of codes. A fundamental result is the equivalence for rational codes
between the algebraic notion of maximal code and the combinatorial notion of complete code

(Schützenberger 1955). One of the problem that gained a lot of interest over the twenty past
years is, given a code X ⊆ A

∗, how to construct a maximal code Y ⊆ A
∗ sharing the same

properties which contains X?

For instance, a simple construction is known to include any rational code into a rational
maximal code (Ehrenfeucht-Rozenberg 1985). The proof uses combinatorics on words.
The construction leads to a complete code which is a notion simpler to manipulate than the
notion of maximal code. However, A. Restivo pointed out finite codes not included in any
finite maximal code (Restivo 1977). It is not yet known whether the embedding of a finite
code into a finite maximal one is decidable. This open problem is one among the difficult ones
in the theory of codes.

A lot of completion procedures are known today. I will present some of them when the
proofs are simple. Some procedures use combinatorics on words, some others are based on
automata manipulations, some also use formal series. Most procedures apply to rational codes
sharing a certain property P and they construct a complete code with the same property P

and containing the given code. To the best of my knowledge, the list of properties P that
have been studied is: prefix code, code with bounded deciphering delay (Schützenberger
1966, Bruyère-Wang-Zhang 1990, Bruyère 1992, Zhang-Shum-Peng 1998), code with
bounded deciphering delay in both directions (Zhang-Shum-Peng 2001), bifix code (Perrin
1984, Zhang-Shen 1995, Bruyère-Perrin 1999), code with bounded synchronization delay
(Montalbano 1993, Bruyère 1998), solid code (Jürgensen 1997, Lam 1998), circular code
(Bassino 1996), code with finite interpreting delay (Guesnet 2001).
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SET OF PRIMITIVE WORDS AND RELATED LANGUAGES

Masami Ito

Faculty of Science, Kyoto Sangyo University

Kyoto 603-8555, Japan

e-mail: ito@ksuvx0.kyoto-su.ac.jp

A word u is said to be primitive if u cannot be represented as the power of another word. By
Q(X) we denote the set of all primitive words over X. It is conjectured that Q(X) is not
context-free. However, this conjecture is still open. We investigate some decidability problems
concerning Q(X) and its related languages. Let u ∈ X+. If u = vi for a positive integer
i and a primitive word v, then we denote root(u) = v. For a language L ⊆ X+, we define
root(L) =

⋃
u∈L

root(u). Then we have the following results:

(1) For a given regular (or context-free) language L ⊆ X+, it is decidable whether root(L) is
finite.

(2) For a given regular language L ⊆ X+, it is decidable whether root(L) is regular.

(3) For a given context-free language L ⊆ X+, it is undecidable whether root(L) is regular (or
context-free).

(4) For a given regular language L ⊆ X+, it is decidable whether L ⊆ Q(X) holds.

(5) For a given context-free language L ⊆ X+, it is undecidable whether L ⊆ Q(X) holds.

Let L ⊆ X+. Then, by deg(L) we mean the set {i : q ∈ Q(X), qi ∈ L}. Then we have the
following results:

(1) For a given regular language L ⊆ X+, it is decidable whether deg(L) is finite.

(2) For a given context-free language L ⊆ X+, it is undecidable whether deg(L) is finite.

A language L ⊆ X+ is said to be palindromic if all words in L are palindromes. It is known
that there is no dense palindromic regular language contained in Q(X). For the case of context-
free palindromic languages, we have the same result and moreover we can prove that deg(L) is
infinite (more exactly, aperiodic) if L ⊆ X+ is a dense palindromic context-free language.
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SYNCHRONIZING CODES
1

Helmut Jürgensen

Department of Computer Science, The University of Western Ontario

London, Ontario, Canada, N6A 5B7

and

Insitut für Informatik, Universität Potsdam

Postfach 90 03 27, D-14439 Potsdam, Germany

e-mail: helmut@uwo.ca, helmut@cs.uni-potsdam.de

In modern communication, synchronization errors arising from various physical defects in the
communication links are quite common. When information-resend is not a problem, a protocol
can take care of these errors. When resend is not feasible – as in high-volume traffic or deep-space
communication – coding techniques that allow for the detection and correction of synchronization
errors need to be employed. Error models for the type of channels used in modern communication
need to be developed and requirements for codes dealing with these error models need to be
developed. We shall outline some of the current technical issues and present some techniques
for coping with synchronization errors.

1This research was supported by the Natural Sciences and Engineering Research Council of Canada.
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FROM WORDS TO FINITE SETS OF WORDS

Juhani Karhumäki

Department of Mathematics and Turku Centre for Computer Science

University of Turku, FIN-20014 Turku, Finland

e-mail: karhumak@cs.utu.fi

Words are fundamental objects of mathematics, for example, in many areas of algebra and
theoretical computer science. The theory of words – often known as Combinatorics on Words –
is well developped relatively new research area, cf. [10], [11] and [2]. Over the last few decades a
number of fundamental results have been achieved, such as the decidability of the existence of
solutions of word equations and the validity of the Ehrenfeucht compactness property, cf. e. g.
[12] and [4]. Recently the former problem has been shown to be in PSPACE, see [13].

When words are replaced by finite sets of words the situation changes drastically: very little
is known on many very natural problems. However, many challenging and natural questions can
be stated. These are the points we want to emphasize here.

The extension from words to finite sets of words can be seen – in a natural way – as an
attempt to replace deterministic problems by the corresponding nondeterministic ones. As we
shall see many problems become much harder.

As an illustration we consider the commutation problem. For words it is folklore that two
words commute if and only if they are powers of a common word. Simple examples show that
it is extremely unlikely to have any similar – or even any at all – characterization for the
commutation of finite languages. However, if we consider finite sets of words with multiplicities,
or more precisely polynomials over a field with noncommuting unknowns, a nice characterization
is available, see [1]:

Bergman’s Theorem. Two polynomials over a field and with noncommuting unknowns com-

mute if and only if they are linear combinations of powers of a common polynomial.

This motivates to state:

BTC-property. We say that the family F of languages satisfies BTC-property if the following
conditions are equivalent for any X ∈ F and any set Y :

(i) XY = Y X,

(ii) there exist V and sets I and J of indecies such that

X =
⋃

i∈I

V i and Y =
⋃

j∈J

V j.

Again simple examples show that the BTC-property does not hold for all finite sets, or even
for all four element sets. However, it does hold for several nontrivial classes like that of prefix
sets or two element sets, cf. e. g. [14] and [7]. The question when the BTC-property holds is
very much open, even the cases when F is the family of three word sets or codes are unsolved.
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20 J. KARHUMÄKI

A related, but different, problem is the one proposed by Conway 30 years ago, see [3]:

Conway’s Problem. Is the maximal set commuting with a given regular set X, i. e. the cen-

tralizer of X, regular as well.

The problem has turned out to be surprisingly difficult: it is not even known whether the
centralizer of a finite set is recursive (or equivalently recursively enumerable). Special cases
when the answer to Conway’s problem is affirmative are the cases when X contains only three
elements or X is so-called ω-code, see [9] and [6], respectively.

The above are two simply formulated challenging problems on finite sets of words. The
following two results explain – at least implicitly –why such questions seem to be so difficult. In
[5] it was shown.

Theorem 1 It is undecidable whether a given CF language and a two-element set commute.

In order to formulate another result we need some definitions. We say that two mappings ϕ
and ψ are equivalent on language L if

ϕ(x) = ψ(x) for all x in L.

A simple decidability result corresponding to the deterministic case is the one when the mappings
are morphisms and the language is regular. This is due to the pumping property of regular
languages and a combinatorial lemma on words. The nondeterministic variant of the problem
is surprisingly much more complicated. Indeed, in [8] it was recently proved

Theorem 2 It is undecidable whether two finite substitutions are equivalent on the language

ab∗c.

As a consequence we obtain

Corollary 1 The equivalence problem for two states gsm’s with unary input alphabet is unde-

cidable.

Actually, in Corollary the machines can be assumed to be of the formActually, in Corollary the machines can be assumed to be of the form
1 2

a,a

a,b

a,gwhere �; � and 
 are �nite sets of words.There exist many other interesting problems on �nite sets of words. Even classicalquestions of �nding a minimal grammar or automaton of certain type for a given �niteset seems to be poorly understood. However, such questions might be important for manyapplications, for example in data compression.References[1] Bergman, G., Centralizers in free associative algebras, Trans. Amer. Math. Soc. 137,327{344, 1969.[2] Cho�rut, C. and Karhum�aki, J., Combinatorics of Words, In: G. Rozenberg and A.Salomaa (eds),Handbook of Formal Languages, vol. 1, 329{438, Springer, 1997.[3] Conway, J. H., Regular Algebra and Finite Machines, Chapman Hall, 1971.[4] Guba, V. S., The equivalence of in�nite systems of equations in free groups and semi-groups with �nite systems (in Russian), Mat. Zametki 40, 321{324, 1986.[5] Harju, T., Ibarra, O., Karhum�aki, J. and Salomaa, A., Decision problems concerningsemilinearity, morphisms and commutation of languages, Proceedings of ICALP01,LNCS 2076, 579{590.[6] Harju, T. and Petre, I., On commutation and primitive roots of codes, manuscript.[7] Karhum�aki, J., Challenges of commutation: an advertisement, Proceedings of FCT01,LNCS 2138, 15{23.[8] Karhum�aki, J. and Lisovik, L., A surprising undecidability result: The equivalenceproblem for �nite substitutions on ab�c, manuscript.[9] Karhum�aki, J. and Petre, I., Conway's problem for three word sets, Theoret. Comput.Sci., to appear; preliminary version in LNCS 1853, 536{546.[10] Lothaire, M., Combinatorics on Words, Addison-Wesley, 1983.[11] Lothaire, M., Algebraic combinatorics on Words, Cambridge University Press, to ap-pear.[12] Makanin, G. S., The problem of solvability of equations in a free semigroup, Mat. Sb.103, 147{236, 1977 (English transl. in Math. USSR Sb. 32, 129{198).3

where α, β and γ are finite sets of words.
There exist many other interesting problems on finite sets of words. Even classical questions

of finding a minimal grammar or automaton of certain type for a given finite set seems to be
poorly understood. However, such questions might be important for many applications, for
example in data compression.
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DIALOGUES AS COOPERATING GRAMMARS

Suna Aydin

Insitut für Informatik, Universität Potsdam

Postfach 90 03 27, D-14439 Potsdam, Germany

e-mail: aydin@cs.uni-potsdam.de

ABSTRACT

Human-machine interfaces for spoken language require a stable model of dialogue structure that

captures the variability and the unpredictability occurring in ordinary dialogues. It is proposed to

use cooperating grammars with memories for the dialogue modeling. With this underlying model

different dialogue phenomena can be modeled in a standardized fashion. Furthermore the dialogue

can be modeled as a joint activity, whereas the public and the private goals can be separated.

Keywords: dialogue processing, dialogue modeling, cooperating grammars, joint activity.

1. Introduction

The dialogue holds different dialogue phenomena, for example sudden change of opinion, dis-
agreements, questions, misunderstandings or unexpected change of topic. Therefore a model of
dialogue structure should capture sudden occurring dialogue phenomena. In the following the
dialogue structure will be modeled using cooperating distributed grammar systems with memo-

ries (mCD grammar systems). The dialogue is regarded as a joint activity as in [2, 3], that is,
the dialogue is modeled as a joint activity which is performed in common by all the participants
involved in the dialogue. The participants share goals that they want to achieve. There are two
kind of goals that are distinguished in [1]:

• public goals are known by all the participants - they are public information. An accepted
public goal will be tried to achieve by all the participants in a cooperative fashion.

• each participants can have private goals (beliefs, questions etc.) of which the other partic-
ipants don’t know about

With this underlying dialogue model it becomes possible to represent public and private goals
separately during dialogue modeling.

2. Dialogue Modeling with mCD Grammar Systems

Each participant in the dialogue will be represented by a grammar in a mCD grammar system.
A dialogue usually involves several parties who take turns; turn-taking is realized by specific
non-terminals, by rule conditions and by memory-relevant information. The definition of the
mCD grammar systems in [4] is modified with the object of dialogue modeling and to the effect
that no messages are sent and each memory management depends on the single grammars. The
memories are used by the single grammars for storing private notes or removing them from the
memory. The public exchange of information is by means of the current sentential form:
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Definition 1 A cooperating distributed grammar system with memories (mCD grammar sys-
tem) for dialogue modeling is a construct

Γ = (NS , N
′, T, P1, P2, . . . , Pn, S),

for n ∈ N , with the following properties:

1. NS is a finite, non-empty set, the set of the specified nonterminal symbols;

2. N ′ is a finite, non-empty set, the set of the updated nonterminal symbols;

3. T is a finite, non-empty set, the set of the terminal symbols;

4. S ∈ NS;

5. let N = NS ∪N ′;

6. Pi are finite set of production rules of the form

(c, (R,Q) : A → w, d, n), where

(a) c, d, n ∈ N∗

S,

(b) R ⊆ NS,

(c) Q ⊆ NS,

(d) A ∈ N ,

(e) w ∈ (N ∪ T )∗.

Let V = (N ∪ T ). The specified nonterminal symbols (NS) and the updated nonterminal
symbols (N ′) differ in that the updated nonterminal symbols can not occur in the memory.

A configuration of Γ is a tuple C = (w, v1, . . . , vn), where w ∈ V ∗ and vi ∈ N∗

S , for 1 ≤ i ≤ n.
In this case w is the current sentential form and vi, 1 ≤ i ≤ n the content of the memory of Gi.

Let Γ = (NS , N
′, T, P1, . . . , Pn, S), n ≥ 1, a mCD grammar system and let C = (w, v1, . . . , vn)

and C ′ = (w, v′
1
, . . . , v′n) two configurations of Γ. One says, that C directly derives C ′:

C =⇒Γ C ′, if the following conditions hold:

1. there exists (c, (R,Q) : A → z, d, n) ∈ Pi;

2. w = xAy and w′ = xzy for x, y ∈ V ∗;

3. for all r ∈ R there are words u1, u2 ∈ V ∗ such that, w = u1ru2;

4. for all q ∈ Q there are no words u1, u2 ∈ V ∗ such that, w = u1qu2;

5. vi = cvi, for a vi ∈ N∗

S ;

6. v′i = nv′′i , where vi = dv′′i , v
′′

i ∈ N∗

S ;

7. v′j = vj , for all j 6= i.

A direct derivation step of Definition 1 consists of checking the sentential form and the context
conditions, executing a context-free production and eventually updating the current contents of
the memory. The cooperation protocol is defined by allowing each grammar to make as many
steps as it wants to non-deterministically (e. g. ∗-mode).

Formally, let L(Γ) = {w | (S, ǫ, . . . , ǫ)
∗

=⇒Γ (w, ǫ, ǫ), w ∈ T ∗}.
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3. Discussion

It turns out that the application of the modified mCD grammar systems for dialogue model-
ing leads to a stable model of dialogue structure, which uniquely captures different dialogue
phenomena. Each utterance is represented in the current sentential form. Thus the current
sentential form contains the public information and the current (partial) state of the dialogue.
The dialogue phenomena like change of topic, question or refusal are represented in the current
sentential form with designated nonterminal symbols and regulated by means of the context
conditions of each grammar. If more than two participants are involved in a dialogue the ad-
dressed participant is specified on the basis of designated nonterminal symbols belonging to the
respective participant.

Because of the fact that several grammars work on one sentential form, this dialogue model
handles the dialogue as a joint activity of the participants. Yet it is permitted for each grammar
to have private information.
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ABSTRACT

We introduce sets which are generated by a k-substitution and prove a geometric Cobham-Semenov

Theorem for these sets.

1. Introduction

It is a well known fact that substitutions can, after a certain graphical representation, generate
compact subsets which display self-similar features. In this note we study properties of compact
sets which are generated by so called l-dimensional k-substitutions, i. e., a letter is replaced by
an l-dimensional array of letters of size kl.

We study the geometric properties of a compact set X generated by a k-substitution by
assigning a closed Abelian group, Spec(X), to X, the spectrum of X. Using the spectrum we
are able to establish a geometric Cobham-Semenov Theorem.

The Cobham-Semenov Theorem, see [3] for the details and further references, is about l-
dimensional sequences, i. e., maps f : N l → S, with values in a finite set. A sequence is said to
be k-automatic if it can be generated by a finite k-automaton. A sequence is said to be definable
in 〈N ,+〉 if the level sets Ms = {i ∈ N l | f(i) = s}, s ∈ S, are semilinear sets, again see [3].

Now, the Cobham-Semenov Theorem says that a sequence f which is k1-automatic and k2-
automatic and k1, k2 are multiplicatively independent, i. e., log k1/ log k2 6∈ Q , is definable in
〈N ,+〉. Moreover, any sequence f which is definable in 〈N ,+〉 is k-automatic for all k ≥ 2.

For the geometric objects under consideration, i. e., limit sets of k-substitutions, the Theorems
4.1 and 4.2 are the geometric counterparts of the Cobham-Semenov Theorem for sequences. One
should note the two analogies:

a) X is generated by a k-substitution and f is a k-automatic sequence,

b) Spec(X) = R and f is definable in 〈N ,+〉.

Furthermore, it is noteworthy that these theorems can be proved without using the Cobahm-
Semenov for sequences.

More details and proofs can be found in [2].

2. Words, Sequences, Substitutions

With S we always denote a finite set with distinguished element 0 ∈ S. l is an integer such that
l ≥ 1. For an integer N ≥ 1 we denote by [N ] the set [N ] = {0, . . . , N − 1}.

The set R l is equipped with the maximum norm ‖ ‖ ∞, i. e., ‖x‖∞ = max{|xi| | i = 1, . . . , l}.
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A word ω (over S) is a map

ω :
l∏

j=1

[Nj ] → S,

where Nj ∈ N , nj 6= 0, for all j = 0, . . . , l. The set of words is denoted as

Ω =

{

ω :

l∏

j=1

[Nj ] → S | Nj ∈ N for j = 1, . . . , l

}

.

If ω ∈ Ω, then supp(ω) ⊂ N l denotes the domain of definition of ω.

A sequence f is a map f : N l → S, and the set of sequences is denoted as SN l

.

If (ωn)n∈N is a sequence of words, then (ωn)n∈N converges to f ∈ SN l

if for all M ∈ N there
exists an n0 ∈ N such that

f(j) = ωn(j)

holds for all n ≥ n0 and for all j with ‖j‖∞ < M .

If limn→∞ ωn = f , then we say that (ωn)n∈N converges properly to f if

f
∣
∣
supp(ωn) = ωn

holds for all n ∈ N . In other words, the restriction of f on the domain of definition of ωn is the
word ωn.

Let k be an integer greater than or equal to 2. Any collection of kl maps σi : S → S, with
i ∈ [k]l, induces a map Σ defined as

Σ : Ω ∪ SN l

→ Ω ∪ SN l

Σ(F)(kj + i) = σi(F(j)).

The map Σ is called a k-substitution (over S). Note that Σ(Ω) ⊂ Ω and Σ(SN l

) ⊂ SN l

.

If Σ is a k-substitution and f ∈ SN l

satisfies Σ(f) = f , then f is called a fixed point of the
substitution. Note that words are never fixed points of a substitution.

If ω is a word, then the set G(ω) = {j | ω(j) 6= 0} is called the graphical representation of

words ω. Note that G(ω) is a compact set. If f is a sequence, then we define for N ∈ N , N ≥ 1,
the graphical representation of sequences as X(f ;N) = {j | f(j) 6= 0 and ‖j‖∞ < N}.

3. Limit Sets and Spectra

The set of nonempty compact subsets of R l is denoted by H(R l). Equipped with the Hausdorff
distance induced by ‖ ‖∞, this set becomes a complete metric space, see [4].

Definition 3.1 A compact set X ⊂ R l is generated by a k-substitution if there exist a

k-substitution Σ over S and an s ∈ S such that

X = lim
n→∞

1

kn
G(Σn(s)).

Among the sets generated by k-substitutions is the class of k-limit sets.

Definition 3.2 A compact subset X ⊂ R l is called a k-limit set if there exist a k-substitution

Σ (over S) and a fixed point f ∈ SN l

such that

X = lim
n→∞

1

kn
X(f ; kn).
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Every k-limit set X is also generated by a k-substitution. The converse is not true. A compact
subset X ∈ R l is called a 1-limit set, if there exists a sequence f ∈ SN l

such that f is definable
in 〈N ,+〉 and

X = lim
n→∞

1

n
X(f ;n).

Lemma 3.3 If X, Y are generated by k-substitutions, then X ∪ Y and X ∩ Y are generated by

k-substitutions.

In the above lemma k-substitutions can be replaced by k-limit sets.

Theorem 3.4 Let (ωn)n∈N be a sequence which converges properly to f ∈ SN l

and for which

limn→∞

1
kn

supp(ωn) =
∏
[0, αi] ⊂ [0, 1]l. If

lim
n→∞

1

kn
X(f ; kn) = X(f),

then

Y = lim
n→∞

1

kn
G(ωn) = cl

(
X(f) ∩

∏
[0, αi[

)
,

where cl denotes the closure.

We call the limit set Y of the sequence (ωn) in Theorem 3.4 a mutilated version of X(f).

Theorem 3.5 If f ∈ SN l

is such that ( 1
kn

X(f ; kn))n∈N is a Cauchy sequence, then the limit is

a k-limit set.

For subsets generated by a k-substitution we have the following decomposition theorem.

Theorem 3.6 If X is generated by a k-substitution, then X is the finite union of translated

mutilated ksi-limit sets, i. e, there exists a natural number N such that

X =
N⋃

i=0

(τi + Yi),

where τi ∈ Q l and Yi is a mutilated ksi-limit set.

For our further investigations of k-limit sets we introduce the spectrum of a subset X ⊆ R l.
Note that log means the natural logarithm (actually, any logarithm is possible).

Definition 3.7 Let X ⊆ R l such that 0 ∈ X. The set Spec(X) defined as

Spec(X) = {log s | s > 0, sX ⊆ Xor X ⊆ sX}

is called the spectrum of X (at zero).

Note that 0 ∈ Spec(X) for all X. The important property of the spectrum is stated in the next
theorem.

Theorem 3.8 The spectrum of a subset X ⊆ R l with 0 ∈ X is a closed subgroup of the group

(R ,+).

As a consequence we have that either Spec(X) = {0} or Spec(X) = ζZ for a positive real ζ or
Spec(X) = R . For k-limit sets Spec(X) = {0} is not possible. Indeed, we have the following
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Theorem 3.9 If X is a k-limit set, then

(log k)Z ⊆ Spec(X).

Moreover, if Spec(X) = ζZ , ζ > 0, then there exists a natural number m ≥ 1 such that

ζ = 1
m
log k.

Finally we denote the relation between the spectrum of a k-limit set X and the spectrum of a
mutilated version.

Lemma 3.10 If X is a k-limit set and Y a mutilated version of X, then there exists an m ∈ N ,

m ≥ 1 such that m(log k)Z = Spec(Y ) ⊂ Spec(X).

4. Geometric Cobham-Semenov Theorems

In this section we state the geometric version of the Cobham-Semenov Theorem.

Theorem 4.1 Let k1, k2 ≥ 2 be multiplicatively independent. If X is a k1-limit set and a

k2-limit set, then Spec(X) = R .

The proof is based on Theorem 3.9. We have that log k1, log k2 ∈ Spec(X) and therefore
{a log k1+ b log k2 | a, b ∈ Z} ⊂ Spec(X). Since k1 and k2 are multiplicatively independent, i. e.,
log k1 and log k2 are linearly independent over Q , Theorem 3.8 implies that Spec(X) = R .

The next theorem deals with the case of a k-limit set with spectrum equal to R .

Theorem 4.2 If X ⊂ R l is k-limit set such that Spec(X) = R , then X is a 1-limit set.

The proof is based on a geometric description of X and on an induction argument on the
dimension l.

The geometric description is as follows. Since X has spectrum R , it follows that either
X = {0} or X is a cone over Y ⊂ B1(0), where B1(0) is the closed ball of radius 1. In other
words

X = {ry | y ∈ Y, r ∈ [0, 1]}.

A simplex ∆ is the convex hull of finitely many points. With this notion we have that a k-limit
set X with spectrum equal to R is the cone over Y ∈ B1(0) and Y is a finite collection of
simplices such that the vertices of the simplex have rational coordinates.

Finally, we sketch the induction argument. For l = 1 we obviously have that X = [0, 1] or
X = {0} and it is clear that X is a 1-limit set. The induction step is based on a description of
the set Y = X ∩ B1(0). This intersection is a finite collection of nonempty sets Xi viewed as
subsets of R l−1. Any set Xi is generated by a k-substitution. Due to Theorem 3.6 each of these
sets Xi is a finite union of translated mutilated k-limit sets. Furthermore, all these mutilated
limit sets have spectrum equal to R By our induction hypothesis, we have that each of these
mutilated k-limit set is a cone over finitely many simplices with rational vertices. In other words,
every mutilated limit set is itself a simplex with rational coordinates. Therefore Y is the finite
union of simplices with rational vertices. This proves the assertion.

As a consequence of the above theorems we note

Corollary 4.3 Let X be a k-limit set such that Spec(X) = ζZ . If k′ is such that k and k′ are

multiplicatively independent, then X is not generated by a k′-substitution.

We close with an application to automatic sequences. Due to a result in [1], every k-automatic
sequence f determines a kp-limit set X(f).
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Corollary 4.4 If f ∈ SN l

is k-automatic such that Spec(X) = ζZ , then f is not definable in

〈N ,+〉.
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ABSTRACT

We introduce HS-codes, a class of codes less restictive than solid codes, and give first characterizations.

1. Introduction

Solid codes (s-codes), see [1, 2, 3] are codes with strong synchronization capabilities. However,
the definition conditions for them, notably overlap freeness, imposes strong restrictions on the
choice of possible code words. Here, we consider another, similar class of codes, namely hs-codes.
With their definition the strong overlap freeness condition in the definition of solid codes is
substantially loosened. By this means, the choice of possible code words increases substantially.
Nevertheless, they preserve the strong synchronization capability of the s-codes.

Here, we are going to give a characterization of the subclass of hs-codes in a+b+. Furthermore,
a necessary and sufficient condition for them to be maximal is given. Finally, it is shown that
the set a+b+ can be partitioned with optimally maximal hs-codes.

2. Definitions and Basics

Definition 2.1 (Solid codes) A code C is called solid, if it has the following two properties:

1. Inf(C) ∩ C = ∅ (infix-freeness ),

2. Pref(C) ∩ Suff(C) = ∅ (overlap-freeness ).

Example 2.1 Each solid code C, C ⊆ a+b+, consists of a single word only.

Example 2.2 {abakb2 | k ≥ 1} is a solid code.

Example 2.3 {abkc | k ≥ 0} is a solid code over the 3-elementary alphabet {a, b, c}.

Example 2.4 {aud | u ∈ {b, c}∗} is a solid code over the 4-elementary alphabet {a, b, c, d}.

2.1. Properties of Solid Codes

Solid codes inherit all general properties of prefix codes, for example instantaneous decodability.

Now, consider a piece of transmission channel output containing a code word u of a solid code
C which has actually been sent (by the sender) in order to encode a message. Let v1, v2, v3 be
other words occuring in the channel output. Furthermore, let v1 be an infix of u, u be an infix
of v2, and v3 overlap with u.
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We see that, under the assumption that the output has been transmitted without errors,
neither of these can be code words of C. v1 is an infix of u; so being a code word would
contradict Condition 1 of Definition 2.1. Concerning v2, we have a similar situation, u is an
infix of v2, contradicting the same condition. Finally, v3 overlaps with u, which is excluded for
code words by Condition 2 of Definition 2.1.

This consideration essentially comprises all imaginable situations in which code words occur in
correct channel output without being meant to be sent as such (by the sender). So we conclude
that each code word in a piece of correct output has actually been meant to be encoding a
message. No further assumption has to be made for this conclusion, especially the correct piece
of output may consist of just one code word. This property is subsumed under the notion of
synchronization capability.

2.2. HS-Codes

In the case of s-codes, overlap freeness imposes strong restrictions on the structure of possible
codewords. As we have seen, this condition guarantees – together with infix freeness – the syn-
chronization capability of s-codes. In this section, we are going to loosen this strong restriction
substantially. Nevertheless, the synchronization capability will be preserved.

Definition 2.2 (hs-code) A code C is called an hs-code if the following two conditions are

satisfied:

1. Inf(C) ∩C = ∅ (infix-freeness ),

2. Suff(C)Pref(C) ∩C = ∅ (overlay-freeness ).

Hs-codes differ from s-codes in the second condition. The second condition for s-codes implies
the second condition for hs-codes.

Proposition 2.1 If a code C is overlap free, then it is overlay free.

Proof. We are going to show the ‘contraposition’ of the statement, which is equivalent.
If C is not overlay free, then there are a u ∈ Pref(C) and a v ∈ Suff(C), and vu ∈ C. Hence

v ∈ Pref(C) (and u ∈ Suff(C)) too; that is, C is not overlap free. 2

The converse is not true; see the following counterexample.

Example 2.5 Let i, j > 0. Then {aibkaj | k ≥ 1} is an hs-code. It is no s-code.

We have seen that hs-codes are not necessarily overlap free. Nevertheless, they preserve the
synchronization capability discussed above for s-codes. The argumentation is the same as for
s-codes.

Example 2.6 Here we present an example of an hs-code out of a+b+a+b+, which is not an
s-code.

{akbkak+1bk+1
| k ≥ 0, k 6≡ 0 mod 3}

3. A Characterization of HS-Codes in a
+
b
+

Theorem 3.1 Let C ⊆ a+b+. The following two statements are equivalent:

1. C is an hs-code.

2. There are functions f, g : N → N, f monotonically increasing, g monotonically decreasing,

and an m ∈ N, such that C = {af(k)bg(k) | k ∈ [1,m]}.
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4. Maximal HS-Codes in a
+
b
+

A code C of a certain type is called maximal (with respect to its type), if there is no word w,
w /∈ C, such that C ∪ {w} is another code of this type.

Theorem 4.1 Let C be an hs-code, denoted as C = {af(k)bg(k) | k ∈ [1,m]} by means of func-

tions f, g and a number m according to theorem 3.1.

The following two statements are equivalent:

1. C is maximal.

2. f(1) = 1,

f(k + 1)− f(k) = 1 or g(k) − g(k + 1) = 1 for all k ∈ [1,m− 1],

and g(m) = 1.

Definition 4.1 A code C of a certain type is called optimally maximal (with respect to its type),

if for any word u ∈ C, any code D of the same type containing u is itself contained in C. In

other words, if C ∩D 6= ∅, then D ⊆ C.

Example 4.1 Let Dm = {am+1−lbl | m ≥ l ≥ 1} for some m ≥ 1. All these Dms are hs-codes
and, with the exception of m = 1, no s-codes. Moreover, they are optimally maximal (for all
m ≥ 1).

The codes from the previous example form a partition of a+b+:

Proposition 4.2
⋃

l≥1

Dl = a+b+ and Dk ∩Dl = ∅ for k 6= l.
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1. Introduction

A Message Sequence Chart (MSC ) defines a set of processes and a set of communication actions
between these processes. In the visual representation of an MSC, processes are drawn as vertical
lines. A labelled arrow from one line to a second corresponds to the communication event of
sending the labelling value from the first process to the second. Figure 1 (a) gives an example
of an MSC. Collections of MSCs are used to capture the scenarios that a designer might want
the system to follow or to avoid.

P Q R
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b

c

e
d

S2

1(a)

S2

1(c)

S3

1(e)

R2

1(a)

R2

3(b)
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1(c)

R2

3(d)

S2

3(b)

R3

1(e)

S2

3(d)

(a) (b)

Figure 1: An MSC and its formalisation

Considering the exact behaviour of an MSC, i. e. the sequences of actions which may be
observed when the system is executed, one often emanates from the so-called visual-order se-

mantics. The visual order assumes that the events are ordered as shown in the MSC. That is,
the events on a single process line are linearly ordered, and sending events precede their corre-
sponding receiving events. For example, Process Q in Figure 1 (a) reads an a symbol before it
can read a b. We adopt this visual-order point of view.

In a pioneering work by Henriksen et al. [4], a definition of regularity of MSC languages is
proposed. A characterisation in terms of message passing automata and in terms of monadic
second-order logic is also given. The paper explains in a convincing way the benefits of these
alternative descriptions, arguing that this is the “right” notion of regularity for MSCs. For
example, a characterisation in terms of finite devices (automata) gives evidence for a collection
of MSCs to be realisable.

1A full version of this paper is available [2].
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However, their approach has a serious limitation. So-called “MSCs with message overtaking”
cannot be considered. But these are explicitly defined in the official standard [5] and must not be
ignored. The limitation stems from the fact that, to establish a link between MSCs and classical
language theory, the graphical representation of an MSC has somehow to be mapped to the
domain of strings. The straightforward approach, enumerating the possible linearisations of the
events which occur in an MSC, only works for simple types of MSCs where the correspondence
between a sending event and its receiving counterpart can be derived from the order in which
they occur in the string.

Our solution to this problem is to associate to every communication event in the string
representation of an MSC a natural number which explicitly establishes this correspondence.
As it will become clear in the next section, this allows us to drop any restriction on the set of
MSCs under consideration.

Our main contribution is to develop a notion of linearisations of MSCs, a theory of regular
collections of MSCs in terms of Nerode right congruences, finite automata, and models of MSO
formulas for the full class of MSCs. Thus, we provide the formal basis for subsequent verification
questions. Note that our approach has already turned out to be useful in the setting of LTL
model checking for MSCs [1].

2. MSCs and Their Linearisations

In this section, we present our formal model for MSCs, and we establish a string representation
which describes their behaviour in a linear way.

Message Sequence Charts For N ≥ 2, let PN := {1, . . . , N} be a nonempty set of processes
and Λ a message alphabet. Let ΣS := {Sq

p(λ) | p, q ∈ PN , p 6= q, λ ∈ Λ} and ΣR := {Rq
p(λ) |

p, q ∈ PN , p 6= q, λ ∈ Λ} denote the sets of send and receive actions, respectively, Σ := ΣS ∪ΣR

their union. An action Sq
p(λ) stands for sending a message λ from process p to process q,

an action Rq
p(λ) for the corresponding receive action, which is then executed by process q.

Corr := {(Sq
p(λ),R

q
p(λ)) | p, q ∈ PN , p 6= q, λ ∈ Λ} relates those actions which belong together.

From now on, all premises and definitions are made wrt. a fixed set PN of processes and a fixed
message alphabet Λ where Σ denotes the corresponding set of actions.

A message sequence chart (MSC) M is a tuple ({Ep}p∈PN , {�p}p∈PN , f, L) where {Ep}p∈PN
is a family of pairwise disjoint nonempty finite sets of so-called events each of which is totally
ordered by a well-founded relation �p⊆ Ep × Ep. (For simplicity, we consider �p as a relation
over E :=

⋃
p∈PN

Ep, the set of all events.) Let P : E ∪ Σ → PN yield the process an event or
an action belongs to, i. e. P (e) = p iff e ∈ Ep, P (Sq

p(λ)) = p, and P (Rq
p(λ)) = q. M is required

to induce a partition E = S ∪R of the events into send (S) and receive events (R) such that f
is a bijective mapping from S to R satisfying the following:

• The visual order �⊆ E × E of M , the reflexive and transitive closure of
⋃

p∈PN
�p

∪ {(e, f(e)) | e ∈ S}, is a partial order.

• L : E → Σ provides information about the messages being interchanged by communicating

events, whereby e ∈ S implies both L(e) = S
P (f(e))

P (e)
(λ) and L(f(e)) = R

P (f(e))

P (e)
(λ) for some

λ ∈ Λ.

Figure 1 (b) presents a formal version of the MSC shown in Figure 1 (a).

Let M = ({Ep}p∈PN , {�p}p∈PN , f, L) be an MSC. A configuration of M is a subset E′ of
E satisfying E′ = ↓E′ := {e ∈ E | ∃e′ ∈ E′ : e � e′}. Let Conf (M ) denote the set of
configurations of M . The execution of M may be described by a transition relation −→M ⊆

Conf (M ) × Σ × Conf (M ) where c
σ

−→M c′ iff there exists e ∈ E such that L(e) = σ and
c′ = c ∪ {e}.
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MSC Words A suitable notion of regularity of a class of objects should have similarities with
existing notions for regular sets of objects. We will therefore reduce regularity of collections of
MSCs to regularity of word languages. Thus, we have to identify an MSC with a set of words that
are called linearisations or MSC words. A linearisation represents a possible execution sequence
of the events occurring in an MSC. To justify this view, it is necessary to guarantee that—up to
isomorphism—from a set of linearisations a corresponding MSC can be unambiguously inferred
and vice versa. For this purpose, each position of a word w ∈ Σ∗ is equipped with a natural
number indicating the matching positions (namely those showing the same number). The words
α1, α2 ∈ (Σ× IN)∗ from Figure 3 are such MSC words. Notice that α1 will determine the MSC
M1, whereas M2 will emerge from α2. [4] do not allow an MSC like M2 to avoid these difficulties.
However, M2 is a so-called “MSC with message overtaking” and carefully treated in the MSC
standard [5].

S2

1(a)

S2

1(a)

R2

1(a)

R2

1(a)

S2

1(a)

S2

1(a)

R2

1(a)

R2

1(a)

M1 M2

Figure 2: MSCs generated by α1 and α2

We call a word α ∈ (Σ × IN)∗ proper iff for all (σ, τ) ∈ Corr , π ∈ IN, and prefixes α′ of α,
|α′|(τ,π) ≤ |α′|(σ,π) ≤ |α′|(τ,π) +1, and we call it complete iff it is proper and for all (σ, τ) ∈ Corr

and π ∈ IN, |α|(σ,π) = |α|(τ,π).

Definition 1 (MSC Word) A word α = σ1 . . . σℓπ1 . . . πℓ
∈ (Σ × IN)∗ is called an MSC word iff it is

complete. Let MW denote the set of all MSC words and PW the set of proper words.

For examples, look at the words α1, α2 ∈ MW as given in Figure 3. We will refer to them as
exemplary MSC words through the rest of the paper.

α1 =
S2

1(a)
1

S2

1(a)
3

R2

1(a)
1

R2

1(a)
3

α2 =
S2

1(a)
1

S2

1(a)
2

R2

1(a)
2

R2

1(a)
1

Figure 3: Exemplary MSC words

Given a proper word α = σ1 . . . σℓπ1 . . . πℓ
∈ PW, we determine which positions are matching. For

i, j ∈ {1, . . . , ℓ}, we write i ցα j iff i < j, (σi, σj) ∈ Corr , and j = min{k | k > i and πk = πi
and (σi, σk) ∈ Corr}.

From MSC Words to MSCs Given the matching relation, a word α = σ1 . . . σℓπ1 . . . πℓ
∈ MW

generates an MSC M(α) := ({Ep}p∈PN , {�p}p∈PN , f, L) where Ep = {n ∈ {1, . . . , ℓ} | P (σn) =
p}, S = {n ∈ {1, . . . , ℓ} | σn ∈ ΣS}, R = {n ∈ {1, . . . , ℓ} | σn ∈ ΣR}, n �p m iff n,m ∈ Ep

and n ≤ m, f(n) = m iff n ցα m, and L(n) = σn. For example, α1 generates the MSC M1

illustrated in Figure 2, whereas α2 generates M2.
We define two equivalence relations ≈⊆ PW×PW and ∼⊆ MW×MW. The first identifies

words with equivalent projections onto the second component, and the latter allows to permute
the positions of an MSC word.

Thus, for α = σ1 . . . σℓπ1 . . . πℓ
∈ PW and β = τ1 . . . τmρ1 . . . ρm ∈ PW, let α ≈ β iff ℓ = m, σi = τi for all

i ∈ {1, . . . , ℓ}, and i ցα j iff i ցβ j.
For a proper word α = σ1 . . . σℓπ1 . . . πℓ

∈ PW, let open(α) ⊆ ΣS × IN denote the set of those send
events which are not followed by a matching receive event, i. e. open(α) := {(σi , πi) | σi ∈ ΣS
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and there is no j > i such that i ցα j}. We call the elements of open(α) open events. A
word α ∈ PW is called in normal form iff for all prefixes σ1 . . . σkπ1 . . . πk

of α, σk ∈ ΣS implies
πk = min{π ∈ IN | (σk, π) 6∈ open(σ1 . . . σk−1π1 . . . πk−1

)}. Thus, for every sending event, the lowest

available number is chosen. Note that every equivalence class in PW/≈ contains exactly one
word in normal form. For α ∈ PW, let furthermore nf(α) = β iff α ≈ β and β is in normal form.
For instance, nf(α1 ) = α2

1 , whereas α2 is already in normal form so that nf(α2 ) = α2 .

Definition 2 (MSC Word Language) A set L ⊆ MW is called an MSC word language iff

L = L≈ where L≈ denotes the ≈-closure of L.

For a natural number B, α ∈ MW is called B-bounded iff for all prefixes α′ of α and actions
σ ∈ ΣS , |open(α

′) ∩ {(σ, π) | π ∈ IN}| ≤ B . This means that the number of open events is
bounded by B for every send action.

Linearisations of MSCs In order to finally relate MSCs to the rich theories of languages
and automata over words, the concept of linearisations of an MSC is essential. We call an
MSC word α = σ1 . . . σℓπ1 . . . πℓ

∈ (Σ × IN)∗ a linearisation of an MSC M = ({Ei}i∈PN , {�i}i∈PN , f, L)
with a set of events E = {e1, . . . , eℓ} iff there are configurations c1, . . . , cℓ ∈ Conf (M ) with

∅
σ1

−→Mc1
σ2

−→M · · ·
σℓ
−→Mcℓ and there is a bijective mapping χ : E → {1, . . . , ℓ} such that for

all e ∈ E, L(e) = σχ(e), and for all e ∈ S and e′ ∈ R, f(e) = e′ implies χ(e) ցα χ(e′).
Lin(M ) denotes the set of linearisations of M . For a set M of MSCs, we canonically define
Lin(M) :=

⋃
{Lin(M ) | M ∈ M}. For instance, the exemplary word α1 is a linearisation of the

MSC M1 shown in Figure 2, and α2 is a linearisation of M2.

An MSC is called B-bounded iff all of its linearisations are B-bounded. A collection of
MSCs (a collection of MSC words, respectively) is B-bounded iff all members are B-bounded.
Furthermore, we speak of boundedness in general iff we deal with B-boundedness for any B.

We turn towards ∼⊆ MW×MW, the equivalence relation that takes permutations of positions
into account. For (σ, π), (σ′, π′) ∈ Σ× IN, let (σ, π)D(σ′, π′) iff P (σ) = P (σ′) or ((σ, σ′) ∈ Corr

and π = π′) or ((σ′, σ) ∈ Corr and π = π′). We then define the relation ∼ to be the least equiv-
alence relation satisfying the following: If α = σ1 . . . σiσi+1 . . . σℓπ1 . . . πiπi+1 . . . πℓ

and α′ = σ1 . . . σi+1σi . . . σℓπ1 . . . πi+1πi . . . πℓ
and not (σi, πi)D(σi+1, πi+1) then α ∼ α′.

Applying techniques from the theory of Mazurkiewicz traces, we obtain that for an MSC M

and α ∈ Lin(M ), Lin(M ) = Lin(M(α)), and that for α ∈ MW, Lin(M(α)) = [α](≈∪∼)∗ .

3. Regular MSC Languages and Their Automata

Regularity of collections of MSCs will be defined in terms of regular MSC word languages.
But as MSC words are defined over the infinite alphabet Σ × IN, we have to modify the usual
notion of regularity. We first constitute an algebraic characterisation of regularity by means
of a slightly adapted version of the Nerode right congruence which allows a straightforward
extension to infinite alphabets. Then, we establish its equivalence to an automata model which
has similarities with the one described in [6] but is modified to suit the requirements for MSCs
and allows stronger decidability results.

Regular MSC Word Languages Given an MSC word language L, recall the Nerode right
congruence ≡L ⊆ PW × PW: α ≡L β iff (∀γ ∈ (Σ× IN)∗ : αγ ∈ L iff βγ ∈ L.

Let L be an MSC word language. Since we want to identify ≈-equivalent words, we define
≈∼L

⊆ PW × PW as an extension of the Nerode right congruence by α≈∼L
β iff nf(α) ≡L nf(β).

Definition 3 (Regular MSC Word Language) An MSC word language L is called regular
iff ≈∼L

has finite index.
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Theorem 1 Let L be an MSC word language. L is regular iff {nf(α) | α ∈ L} is a regular word

language over Σ×Q where Q is a finite subset of IN.

We can finally conclude that regular MSC word languages are bounded and closed under
union, intersection, concatenation, and Kleene star.

MSC Finite-Memory Automata We now present a class of automata which characterises
MSC word languages.

Definition 4 An MSC finite-memory automaton (MFA) is a quintuple of the form A =
(S, r,∆, q0, F ), where S is a nonempty finite set of states, r ≥ 1 is a natural number called

window length, ∆ ⊆ S × (Σ × {1, . . . , r}) × S is the transition relation, q0 ∈ S is the initial
state, and F ⊆ S is the set of final states.

s0

s1 s12 s2

s21

# #

S,1

R,1

S,2 R,1

S,1R,2

R,2

s0

s1

s2

# #

S,1 R,1

S,2 R,2

A1: A2:

Figure 4: Two MFAs

Figure 4 shows two automata, each with a window for two elements. Let thereby S stand for
S2
1
(a) and R for R2

1
(a).

Let A be an MFA as above. A configuration of A lists the current state and the current
window entries which are either numbered send events or empty (denoted by #). The meaning
of a transition (s, (Sq

p(λ), k), t) is the following (for details, see [2]): if A is in state s, it is able to
read an input symbol (Sq

p(λ), π), π ∈ IN, iff the kth position of its window is currently free and,
furthermore, (Sq

p(λ), π) does not occur elsewhere in the window, i. e. there is no further open
(Sq

p(λ), π)-labelled send event. Taking the transition, the automaton stores (Sq
p(λ), π) in the kth

position and enters state t. If, in contrast, the automaton reads an input symbol (Rq
p(λ), π),

there has to be a transition (s, (Rq
p(λ), k), t) such that the kth position of the window currently

shows the corresponding send symbol (Sq
p(λ), π). Replacing this symbol with #, the automaton

enters state t.

An accepting run is a corresponding sequence of configurations starting in q0 with the empty
window and ending in a final state with the empty window. Note that L(A), the language of
A, is an MSC word language.

Theorem 2 An MSC word language L is regular iff there is an MFA A such that L = L(A).

Theorem 3 For MFAs A1 and A2, it is decidable whether L(A1) ⊆ L(A2) and whether L(A1)
is empty.

4. A Logical Characterisation

Extending our theory, a collection M of MSCs is called a regular MSC language iff Lin(M) is
a regular MSC word language. We formulate a monadic second-order logic which characterises
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exactly the class of regular MSC languages applying Büchi’s famous result [3]. Given a supply
Var = {x, y, . . .} of individual variables and a supply VAR = {X,Y, . . .} of set variables, the
syntax of MSO(PN ,Λ) is defined according to

ϕ ::= Lσ(x) | x ∈ X | x � y | ¬ϕ | ϕ1 ∨ ϕ2 | ∃xϕ | ∃Xϕ ∈ MSO(PN ,Λ)

where σ ∈ Σ, x ∈ Var, and X ∈ VAR. The satisfaction relation M |= ϕ for a formula
ϕ ∈ MSO(PN ,Λ) is defined as one might expect.

Theorem 4 Given a collection M of MSCs, M is a regular MSC language iff there exist a

formula ϕ ∈ MSO(PN ,Λ) and B ∈ IN such that Lin(M) = Lin(MB
ϕ ) where MB

ϕ := {M | M is

B-bounded and M |= ϕ}.
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ABSTRACT

The power of a language L is the set of all powers of the words in L. In this paper, the following

decision problem is investigated. Given a context-free language L, is the power of L context-free?

We show that this problem is decidable for languages over unary alphabets, but it is undecidable

whenever languages over alphabets with at least three letters are considered. The problem remains

open for languages over binary alphabets.

1. Introduction and Preliminaries

An important class of decision problems in the theory of formal languages can be stated as
follows. Fix a (unary) operation on languages and a family of languages, is it decidable, given a
language from this family, whether or not the application of the operation to the given language
leads out of this family? In this paper, we study this problem for the family of context-free
languages with respect to the power operation.

For any language L, the power of L is the set

pow(L) = {wi
| i ≥ 0, w ∈ L }

=
⋃

w∈L

w∗.

Clearly, pow(L) is a subset of L∗ =
⋃

i≥0
Li. The family of context-free languages is not closed

under the power operation. Consider, e. g., the language defined by the rational expression a+b,
its power is the non-context-free language

⋃
i>0

(aib)∗. Therefore, it is natural to search for some
algorithm deciding whether pow(L) is context-free if a given language L is context-free.

This problem was first mentioned for regular languages in [2] and partially answered by Cachat
in [1] proving that there is an algorithm deciding whether the power of a unary regular language
is regular.

Theorem 1 For a given regular language L over a one-letter alphabet, one can decide algorith-

mically whether pow(L) is regular.

The problem for regular languages over arbitrary finite alphabets is left open. For the upper
classes of the Chomsky hierarchy, i. e., the family of recursively enumerable, recursive, and
context-sensitive languages, the problem is quite trivial, because each of these families is closed
under the power operation (what can easily be shown by appropriate machine constructions).
In this paper, we aim to settle the problem for the family of context-free languages.

The reader is assumed to be familiar with basic concepts of formal language theory as
contained, e. g., in [3] or [4]. Concerning our notation, we have the following conventions:

43
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V + denotes the set of nonempty words over alphabet V ; if the empty word λ is included, then
we use the notation V ∗. The mirror image of a string w is denoted by wR, its length by |w|.
Generally, for a singleton set {a} we simply write a.

A context-free grammar is a four tuple G = (N,T, P, S), where N and T are disjoint alpha-
bets of nonterminals and terminals, respectively, S ∈ N is the axiom, and P is a finite set of
productions of the form A → u, where A ∈ N and u ∈ (N ∪ T )∗. A production with A on its
left-hand side is referred to as A-production of G.

2. Context-Free Languages

Before giving the proof of our main result that context-freeness of the power of context-free
languages is undecidable, we mention a direct consequence of Theorem 1. Since any context-free
language over a one-letter alphabet is regular, we immediately get the following result.

Corollary 2 For a given context-free language L over a one-letter alphabet, one can decide

algorithmically whether pow(L) is regular (and therefore context-free).

Now, we show that there is no adequate algorithm for context-free languages over finite
alphabets with at least three letters.

Theorem 3 For a given context-free language over an alphabet with at least three letters, it is

undecidable whether pow(L) is context-free.

Proof. We proof this undecidability by reducing Post’s Correspondence Problem (PCP).

Let {(u1, v1), (u2, v2), . . . , (un, vn)} be a finite set of pairs of {a, b}+ × {a, b}+, an instance of
the PCP. We consider the context-free grammar

G = ({S, S′, A,B,C,D,E}, {a, b,#}, P, S) ,

where P is the union of the following sets of productions:

P1 = {S → S′, S → E##, S′ → A##S′, S′ → λ},

P2 = {A → aAa,A → bAb},

P3 = {A → aBb,A → bBa} ∪ {B → xBy | x, y ∈ {a, b} },

P4 = {A → aC,A → bC,B → C} ∪ {C → aC,C → bC},

P5 = {A → Da,A → Db,B → D} ∪ {D → Da,D → Db},

P6 = {B → #, C → #,D → #},

P7 = {E → uiEvRi | 1 ≤ i ≤ n } ∪ {E → ui#vRi | 1 ≤ i ≤ n }.

The derivation process starts off with an application of P1 generating either (A##)j , for some
j ≥ 0, or E##. Any occurrence of A can be replaced by productions in P2 followed by exactly
one A-production in P3, P4 or P5. Note that there is no other way to get rid of the nonterminal
A. After further derivation steps using productions from P3, P4 or P5, from any single A a string
of one of the following forms is obtained:

• z1Bz2 with z1, z2 ∈ {a, b}+ and |z1| = |z2|, z2 6= zR
1
,

• z1Cz2 with z1, z2 ∈ {a, b}+ and |z1| > |z2|,

• z1Dz2 with z1, z2 ∈ {a, b}+ and |z1| < |z2|.

Therefore, starting off the derivation with S → S′, the language L∗

0
with

L0 = { z1#z2## | z1, z2 ∈ {a, b}+, z2 6= zR1 }
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is obtained. On the other hand, using S → E## first, the language

L1 = {ui1ui2 . . . uim#vRim . . . vRi2v
R
i1
## | m ≥ 1, 1 ≤ ij ≤ n for 1 ≤ j ≤ m }

is generated. Thus, we have L(G) = L∗

0
∪L1. Note that the grammar G′ which is obtained from

G by omitting the production S → E## generates the language L∗

0
.

Assume that the PCP does not have a solution for the given instance. Then L1 ⊆ L0 holds.
Hence L(G) = L∗

0
in this case. Since pow(L∗

0
) = L∗

0
and L∗

0
is context-free, pow(L(G)) is

context-free if there is no solution for the instance of the PCP.

On the other hand, if there is a solution, then there exist infinitely many words of the form
z#zR## in L(G). Therefore, we can prove pow(L(G)) is not context-free as follows. Assume
the contrary, and let k be the constant from Bar-Hillel’s pumping lemma. Choose a solution
i1i2 . . . il of the PCP such that |ui1ui2 . . . uil | > k. Let z = ui1ui2 . . . uil and consider the
word α = z#zR##z#zR##z#zR##, an element of the language pow(L(G)). By standard
arguments, the pumping on α can be performed only in a way such that at most two (consecutive)
substrings of the form z#zR are modified and, therefore, at least one of them remains unchanged.
This yields a string of the form w1##w2##w3## where, w1 is still of the form z#zR but w2

or w3 is different from w1, or w3 = z#zR but w1 or w2 is different. Obviously, a string with
this property belongs neither to L∗

0
nor to pow(L1), thus it does not belong to pow(L(G)), a

contradiction.

Since Post’s Correspondence Problem is undecidable, the undecidability of the context-
freeness of the power of context-free languages follows from our construction. 2

3. Conclusion

The problem to decide whether the power of a given context-free language is context-free is
shown to be undecidable in the general case, more precisely, when context-free languages over
alphabets with at least three letters are considered. If one restricts to unary alphabets, the
problem becomes decidable since, in this case, the question is equivalent to the problem for
regular languages over unary alphabets which has been solved in [1]. The decidability status in
case of context-free languages over binary alphabets remains unknown.

Since the analogous problem is trivial for the classes in the Chomsky hierarchy beyond the fam-
ily of context-free languages, there remains a gap between unary regular and arbitrary context-
free languages which can be expressed in the open question which of the problems summarized
below is algorithmically decidable.

• Given a binary context-free language L, is pow(L) context-free?

• Given a non-unary regular language L, is pow(L) regular?

• Given a linear context-free language L, is pow(L) linear context-free?
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ABSTRACT

We show that so-called deterministic even linear simple matrix grammars can be inferred in poly-

nomial time using the query-based learner-teacher model MAT proposed by Angluin for learning

deterministic regular languages in [2]. In this way, we extend the class of efficiently learnable lan-

guages beyond both the even linear languages and the even equal matrix languages proposed in

[19, 20, 23, 24, 25, 26]. Moreover, we investigate formal language properties of even linear simple

matrix languages and related language classes. More precisely, we discuss characterizations, (proper)

inclusion relations, closure properties and decidability questions. This way, we also show that, in a

certain sense, the idea of iterating the control language approach for learning purposes, as undertook

by Takada [25, 26], could be seen as a special case of using deterministic even linear simple matrix

grammars as basic and uniform learning target.

Keywords: learning, grammatical inference, MAT model, formal languages, language characteriza-

tions, control language, Khabbaz hierarchies, simple matrix grammars.

1. Introduction

Machine Learning and Formal Language Theory are two topics of applied and theoretical com-
puter science whose common ground seems to be very small at first glance. Interestingly, there
is indeed a very vivid common area of research, namely, what is called grammatical inference.
Grammatical inference deals with the automatic learning of grammars, automata and other
language describing devices. The “disadvantage” of such an interdisciplinary area is that practi-
tioners will probably find lengthy formal language arguments boring, whilst pure formal language
theorists might think that details on learning algorithms are uninteresting. Nevertheless, in the
following, we try to satisfy both parts of the prospective readership of this paper, since we feel
that the interdependencies between both areas are rather strong: on the one hand, we cannot
formally establish the correctness of the proposed learning algorithm(s), neither can we reason
about connections to other published algorithms nor can we talk about limitations of the con-
sidered methodologies without making heavy use of formal language arguments; on the other
hand, the basic motivation for investigating formal language properties of even linear simple
matrix languages stirs from their learnability.

The remainder of this introduction is split into two parts: one is meant for the reader who
is mainly interested in the learning aspects of this paper, while the second part is the formal
language theorists’ introduction.
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1.1. Learning Aspects

Learning languages using a teacher-learner-dialogue (also known as MAT – minimally adequate
teacher – learning model or as query learning) has become popular since Angluin published a
polynomial-time learning algorithm for regular languages [2] (or, more precisely, deterministic
finite automata). The limits of the model were explored in [3, 4]. One of the questions arising
from Angluin’s result is whether it can be extended beyond regular sets. For example, learning
algorithms for systolic automata [29] were exhibited.

Radhakrishnan and Nagaraja [19] proposed even linear languages for learning theoretical
purposes by giving a skeleton-based inference algorithm and showing possible applications in
the area of inference of pictures. Both the work of Takada [23] and that of Sempere and
Garćıa [20] showed how the learning problem of even linear languages (introduced in [1]) could
be reduced to the learning of regular languages. Moreover, Takada and his colleagues proved
the usefulness of the concept of control languages (originating from [9]) in the reduction of the
learning problem of languages defined via controlled fixed grammars [13, 23, 24, 25, 26]. In
particular, Takada used this concept to develop an efficient learning algorithm of what he called
“even equal matrix languages” [24, 26].

As mentioned above, control languages are a natural tool for transferring Angluin’s learnability
result to, e. g., even equal matrix languages or even linear languages. Indeed, the learning
problem for those classes is reduced to the learning problem of (regular) control languages
by using universal grammar normal forms. Obviously, it is now possible to use, e. g., even
linear languages as control languages for universal even linear grammars, hence obtaining a
whole hierarchy (similar to those of Khabbaz [12, 11]) of efficiently learnable language classes
by iterating the argument sketched above. Takada’s papers [25, 26] explore the learnability of
levels of such hierarchies.

Here, we show how to learn what we call even linear simple matrix languages of arbitrary
degree. In doing this, we extend Takada’s previous results in two ways:

• Even equal matrix languages are a subset of even linear matrix languages.

• The Khabbaz/Takada hierarchy of even linear languages controlled by even linear languages
and so forth is contained in the even linear matrix languages. More precisely, we show
that even linear matrix languages controlled by even linear matrix languages yield even
linear matrix languages, so that a further Khabbaz/Takada-like hierarchy extension of the
efficiently learnable language classes is not possible.

The MAT learnability results were also presented at the conference COCOON ’99 [7].

1.2. Formal Language Aspects

Linear simple matrix languages were introduced by Păun [18]. We will investigate formal lan-
guage aspects of a restricted class of linear simple matrix languages which we call even linear
simple matrix languages; they are an important class from the viewpoint of grammatical infer-
ence [7]. Further results on (even) linear simple matrix languages can be found in [15] and [6,
p. 68 ff.]. Linear simple matrix languages naturally fall inbetween right-linear and context-free
simple matrix languages, see [6, 10, 17, 22]. Note that right-linear simple matrix language were
introduced by Siromoney [22] as equal matrix languages. Equivalent formalizations can be found
in [5] and [16]. In [27], equal matrix languages and linear languages are compared. In particular,
all such languages are semilinear.

Intriguingly, there may be another source of interest in the mentioned language families: Weir
showed in [28] how the Khabbaz hierarchy [12] can be generalized in order to characterize tree
adjoined languages, which play a prominent role in computer linguistics. A future possibility
might be that those (formal) connections could lead to programs which are able to assist linguists
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who are designing grammars for natural languages, e. g., by creating proposals of such grammars
automatically (in the sense of learning theory) or by certifying optimality conditions on these
grammars, e. g., a minimal number of variables in the case of “deterministic grammars”. More-
over, the class of even linear simple matrix languages we propose for learning-theoretic purposes
contains both typical “pushdown languages” and typical “queue languages”. This observation
should be of particular interest when considering possible linguistic applications of learning the-
ory, since natural languages typically consist of both parenthesis structures (as exemplified by
relative clauses) and “copy-structures” (as can be found in Swiss German), cf. [21].

Such research might help close the “undesirable gap between the communities of linguists and
computer scientists, more specifically the communities of computational linguists and formal
language theoreticians” observed by Mart́ın-Vide in [14].

The formal language part was presented at the DMTCS ’01 conference [8]. The complete
paper will appear in Theoretical Computer Science.

We only provide some definitions in the following:

2. Definitions

Definition A linear simple matrix grammar of degree n, n ≥ 1, is (cf. [18]) an (n + 3)-
tuple G = (V1, . . . , Vn,Σ,M, S) , where {S}, V1, . . . , Vn,Σ are pairwise disjoint alphabets (VN =⋃

n

i=1
Vi∪{S} contains the nonterminals and Σ the terminals), and M is a finite set of matrices

of the form

1. (S → A1 . . . An), for Ai ∈ Vi, 1 ≤ i ≤ n,

2. (A1 → x1, . . . , An → xn), for Ai ∈ Vi, xi ∈ Σ∗, 1 ≤ i ≤ n, or

3. (A1 → x1B1y1, . . . , An → xnBnyn), Ai, Bi ∈ Vi, xi, yi ∈ Σ∗, 1 ≤ i ≤ n.

Matrices of the form 1.–3. are called initial matrices, terminal matrices, and nonterminal
matrices, respectively.

We now define three restrictions on such grammars:

• G is a right-linear simple matrix grammar if the nonterminal matrices satisfy

3′. (A1 → x1B1, . . . , An → xnBn), Ai, Bi ∈ Vi, xi ∈ Σ∗, 1 ≤ i ≤ n.

• G is an even linear simple matrix grammar if the nonterminal matrices satisfy

3′′. (A1 → x1B1y1, . . . , An → xnBnyn), for Ai, Bi ∈ Vi, xi, yi ∈ Σ∗ such that |xi| = |yj|

for all 1 ≤ i, j ≤ n.

• G is an even right-linear simple matrix grammar (or even equal matrix grammar as called
by Takada [24]) if the nonterminal matrices satisfy

3′′′. (A1 → x1B1, . . . , An → xnBn), Ai, Bi ∈ Vi, xi ∈ Σ∗ such that |x1| = |xi| for all

2 ≤ i ≤ n.

Let VG = VN ∪ Σ. For x, y ∈ V ∗

G
, we write x ⇒ y iff either (i) x = S, (S → y) ∈ M , or (ii)

x = u1A1v1 . . . unAnvn, y = u1w1v1 . . . unwnvn, and (A1 → w1, . . . , An → wn) ∈ M . As usual,

define L(G) = {x ∈ Σ∗ | S
∗

⇒ x}, where
∗

⇒ is the reflexive transitive closure of relation ⇒.

The families of linear simple matrix grammars of degree n, right-linear simple matrix gram-

mars of degree n, even linear simple matrix grammars of degree n, and even right-linear simple

matrix grammars of degree n, as well as the corresponding language families, are denoted by

SL(n), SRL(n), ESL(n) and ESRL(n), respectively. Sometimes, we use notations like ESL(n,m)
in order to specify the terminal alphabet Σm explicitly. When not needed, we sometimes omit

the explicit reference to the degree, which leads to classes like SL =
⋃

n≥1
SL(n). Specifically,
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ESRL(1) = SRL(1) denotes the regular languages, ESL(1) the even linear languages, and SL(1)
the linear languages.

In the following, we give three examples (which are the common languages used by linguists
to prove that natural languages are not context-free) to show the power of the mechanisms.

Example Consider G1 = ({A1}, {A2}, {a, b},M1, S), where M1 contains the following matrices:

1. (S → A1A2),

2. (A1 → λ,A2 → λ),

3. (A1 → aA1, A2 → aA2), (A1 → bA1, A2 → bA2).

G1 is an ESRL(2) grammar which generates L(G1) = {ww | w ∈ {a, b}∗}.

Example Consider G2 = ({A1, B1}, {A2, B2}, {a, b},M2, S), where M2 contains the following
matrices:

1. (S → A1A2),

2. (A1 → λ,A2 → λ), (B1 → λ,B2 → λ),

3. (A1 → aA1, A2 → aA2), (A1 → bB1, A2 → bB2), (B1 → bB1, B2 → bB2).

G2 ∈ ESRL(2) generates L(G2) = {anbmanbm | n,m ≥ 0}.

Example Consider G3 = ({A1}, {A2}, {A3}, {a, b},M3, S), where M3 contains the following
matrices:

1. (S → A1A2A3),

2. (A1 → λ,A2 → λ,A3 → λ),

3. (A1 → aA1, A2 → bA2, A3 → aA3).

G3 is an ESRL(3) grammar which generates L(G3) = {anbnan | n ≥ 0}.
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ABSTRACT

Wir zeigen, dass das Resultat aus [7] betreffend die Anzahl der Variablen in graphkontrollierten,

programmierten und Matrix-Grammatiken (mit Vorkommenstest) noch wesentlich verbessert wer-

den kann: Um jede beliebige rekursiv aufzählbare Sprache erzeugen zu können, braucht man bei

graphkontrollierten (bzw. programmierten) Grammatiken nur 3 Variablen (bzw. 4), davon nur 2

verwendet mit Vorkommenstest, bei Matrixgrammatiken 4 Variablen, davon 3 mit Vorkommenstest.

Hingegen genügen 2 Variablen, die mit Vorkommenstest verwendet werden, in Matrixgrammatiken

nur dann, wenn man die Gesamtzahl der Variablen nicht beschränkt.

Schlagwörter: graphkontrollierte Grammatiken, Matrix-Grammatiken, programmierte Grammatiken,

Variablenkomplexität.

1. Einleitung

Die in dieser Arbeit (einer Kurzfassung des heuer bei MCU 2001 präsentierten Artikels, s. [4])
vorgestellten Ergebnisse verbessern nicht nur Ergebnisse (s. [7]) aus dem Bereich von Gram-
matiken mit Kontrollmechanismen, sondern sind im Speziellen auch für das neue Gebiet der
Membransysteme (P-Systeme, s. [1, 8]) von Bedeutung; in vielen Fällen geht der Beweis der
Universalität dieser Systeme von Matrix-Grammatiken aus, wobei die Variablenkomplexität der
Matrix-Grammatiken (im Speziellen ist meist die Anzahl der mit Vorkommenstest verwende-
ten Variablen von Bedeutung) oft direkt mit der Anzahl der benötigten Membranen korreliert
(s. [5]).

In [7] wurde gezeigt, dass zur Erzeugung einer rekursiv aufzählbaren Sprache Matrix-
Grammatiken mit kontextfreien Produktionen und 6 Variablen genügen, die allerdings auch
alle mit Vorkommenstest verwendet wurden. Wir beweisen nun, dass 4 Variablen, davon drei
verwendet mit Vorkommenstest, genügen. Verwendet man graphkontrollierte Grammatiken,
so genügen sogar 3 Variablen, 2 davon verwendet mit Vorkommenstest. Die Beweise beruhen
auf einem seit langem bekannten Ergebnis, z. B. wurde bereits in [6] gezeigt, dass die Aktio-
nen einer Turingmaschine durch eine Registermaschine mit nur zwei Registern simuliert werden
können; die Aktionen von Registermaschinen können ihrerseits sehr leicht durch graphkontrol-
lierte Grammatiken simuliert werden.
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Etwa zur gleichen Zeit, als diese Arbeit enstand, kam Henning Fernau mittels einer ganz
anderen Beweistechnik (einer trickreichen Turingmaschinen-Simulation) zu den gleichen Ergeb-
nissen, was die Gesamtanzahl der Variablen betrifft (s. [3], ebenfalls präsentiert bei MCU 2001),
wobei jedoch stets alle Variablen auch mit Vorkommenstest verwendet wurden. Für program-
mierte Grammatiken zeigt Henning Fernau, dass wie bei graphkontrollierten Grammatiken 3
Variablen genügen, während wir, um nur 2 Variablen mit Vorkommenstest verwenden zu müssen,
in diesem Falle 4 Variablen benötigen (obwohl zukünftige Untersuchungen durchaus ergeben
könnten, dass ebenfalls eine Gesamtzahl von 3 Variablen reicht).

2. Definitionen

Die Menge der nichtnegativen ganzen Zahlen wird mit IN0 bezeichnet.

Wie in [2] gezeigt, erlaubt jede der im Folgenden definierten Varianten von Grammatiken
mit Kontrollmechanismen, mit kontextfreien Produktionen jede beliebige rekursiv aufzählbare
formale Sprache zu erhalten.

Eine graphkontrollierte Grammatik ist ein Konstrukt GC = (N,T, (R,Lin, Lfin) , S) ; N ist
das Variablenalphabet, T das Terminalalphabet, N ∩ T = ∅; S ∈ N ist das Startsymbol; R ist
eine endliche Menge von Regeln r der Gestalt (l (r) : p (l (r)) , σ (l (r)) , ϕ (l (r))), wobei l (r) ∈

Lab (GC); Lab (GC) ist eine Menge von Markierungen, die in einer Eins-zu-Eins-Relation den
Regeln r in R zugeordnet sind; p (l (r)) ist eine kontextfreie Produktion über N ∪ T , σ (l (r)) ⊆
Lab (GC) ist das Erfolgsfeld der Regel r, und ϕ (l (r)) ist das Misserfolgsfeld der Regel r; Lin ⊆

Lab (GC) ist die Menge der Anfangsmarkierungen und Lfin ⊆ Lab (GC) ist die Menge der
Endmarkierungen. Für r = (l(r) : p (l (r)) , σ (l (r)) , ϕ (l (r))) und v,w ∈ (N ∪ T )∗ definieren
wir (v, l (r)) =⇒GC

(w, k) genau dann, wenn

• entweder p (l (r)) auf v anwendbar und das Ergebnis der Anwendung der Produktion
p(l(r)) auf v dann w ist sowie k ∈ σ (l (r)),

• oder p (l (r)) nicht auf v anwendbar ist, w = v sowie k ∈ ϕ (l (r)).

Die von GC erzeugte Sprache ist

L (GC) = {w ∈ T ∗ | (S, l0) =⇒GC
(w1, l1) =⇒GC

· · · =⇒GC
(wk, lk) , k ≥ 1,

wj ∈ (N ∪ T )∗ und lj ∈ Lab (GC) für 0 ≤ j ≤ k,

w0 = S, wk = w, l0 ∈ Lin, lk ∈ Lfin} .

Eine Variable A ∈ N wird mit Vorkommenstest verwendet, wenn zumindest eine Regel
(l : p, σ (l) , ϕ (l)) ∈ R existiert, sodass p von der Form A → α mit α ∈ (N ∪ T )∗ ist und
ϕ (l) 6= ∅.

Eine programmierte Grammatik ist ein Konstrukt GP = (N,T,R, S), sodass GC =
(N,T, (R,Lab (GC) , Lab (GC)) , S) eine graphkontrollierte Grammatik ist, i. e., in einer program-
mierten Grammatik werden weder Anfangs- noch Endregeln spezifiziert.

Eine Matrix-Grammatik ist ein Konstrukt GM = (N,T, (M,F ) , S); N ist das Variablenal-
phabet, T das Terminalalphabet, N ∩ T = ∅; S ∈ N ist das Startsymbol; M ist eine endliche
Menge von Matrizen, M = {mi | 1 ≤ i ≤ n}, wobei die Matrizen mi endliche Folgen der Gestalt
mi = (mi,1, . . . ,mi,ni

), ni ≥ 1, 1 ≤ i ≤ n, von (kontextfreien) Produktionen mi,j, 1 ≤ j ≤ ni,
1 ≤ i ≤ n, über N ∪ T sind; F ⊆

⋃
1≤i≤n, 1≤j≤ni

{mi,j}.

Für mi = (mi,1, . . . ,mi,ni
) und v,w ∈ (N ∪ T )∗ definieren wir v =⇒mi

w genau dann, wenn
es w0, w1, . . . , wni

∈ (N ∪ T )∗ gibt, sodass w0 = v, wni
= w, und für alle j, 1 ≤ j ≤ ni,

• entweder wj das Resultat der Anwendung von mi,j auf wj−1 ist
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• oder mi,j nicht auf wj−1 anwendbar ist, wj = wj−1, und mi,j ∈ F .

Die von GM erzeugte Sprache ist

L (GM ) = {w ∈ T ∗ | S =⇒mi1
w1 =⇒mi2

· · · =⇒mik
wk, wk = w,

wj ∈ (N ∪ T )∗ , mij ∈ M für 1 ≤ j ≤ k, k ≥ 1}.

Eine Variable A ∈ N wird mit Vorkommenstest verwendet, wenn zumindest eine Produktion der
Gestalt A → α, α ∈ (N ∪ T )∗, in F vorkommt.

Eine graphkontrollierte, programmierte bzw. Matrix-Grammatik ist vom Typ (n,m) , wenn
sie maximal n Variable enthält, von denen maximal m mit Vorkommenstest verwendet werden.

Wir definieren nun ein Modell von Registermaschinen, welches die in [6] verwendeten Modelle
beinhaltet, i. e., alle dort beschriebenen Resultate gelten auch für das im Folgenden definierte
Modell:

Eine n-Registermaschine ist ein Konstrukt M = (n,R, i, f) , wobei n eine natürliche Zahl ist,
welche die Anzahl der Register angibt; R ist eine endliche Menge von markierten Programmin-

struktionen der Gestalt k : (op (i) , l,m), sodass op (i) eine Operation auf Register i von M ist
und k, l,m Markierungen aus einer Menge von Markierungen Lab (M) sind, (Lab(m) markiert
die Programminstruktionen von M in einer Eins-zu-eins-Relation), k 6= f ; l ist die Markierung
für die Fortsetzung des Programms nach Anwendung der Instruktion op (i) auf Register i; m ist
die Markierung für die Fortsetzung des Programms, wenn op (i) nicht auf Register i angewendet
werden kann; der Endmarkierung f wird die Instruktion end zugeordnet, welche die Register-
maschine M anhält; i ist die Anfangsmarkierung, bei der das Programm startet.

Programminstruktionen (op, l,m) :

• (S (i) , l,m) : Ist der Inhalt von Register i größer als 0, so subtrahiere 1 von Register i und
gehe zu l, andernfalls führe keine Registeroperation aus und gehe zu m.

• (A (i) , h, h) : Addiere 1 zu Register i und gehe zu h.

Eine n-Registermaschine M berechnet eine partiell rekursive Funktion f : IN0 → IN0 folgen-
dermaßen:

M beginnt mit m ∈ IN0 in Register 1; hält M in f mit r in Register 1, dann hat M den Wert
f (m) = r berechnet, andernfalls, wenn M nicht in f hält, bleibt f (m) undefiniert.

3. Simulation von Registermaschinen durch graphkontrollierte Grammatiken

In [6] wurde gezeigt, wie die Aktionen einer deterministischen Turingmaschine von einer 2-
Registermaschine simuliert werden können:

Ist T ein Terminalalphabet mit card (T ) = z − 1 und T = {ai | 1 ≤ i ≤ z − 1} , dann kann
jedes Symbol ai in T als Ziffer i zur Basis z interpretiert werden, i. e., jedes Wort in T ∗ kann als
nichtnegative ganze Zahl dargestellt werde, beispielsweise mittels der Funktion gz : T ∗ → IN0

definiert durch gz (λ) = 0, gz (ai) = i für 1 ≤ i ≤ z − 1, und gz (wa) = gz (w) ∗ z + gz (a) für
a ∈ T und w ∈ T ∗.

Sei nun L ⊆ T ∗ die von der deterministischen TuringmaschineMT akzeptierte formale Sprache
derart, dass MT für jedes w ∈ T ∗ genau dann hält, wenn w ∈ L. Dann kann man eine 2-
Registermaschine ML derart konstruieren, dass – für jedes w ∈ T ∗ – ML mit 2gz(w) im ersten
Register beginnend genau dann hält (mit leeren Registern), wenn MT auf w hält.

Basierend auf diesem Resultat aus [6] kann nun das Hauptresultat dieser Arbeit bewiesen
werden:
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Theorem Jede rekursiv aufzählbare Sprache kann von einer graphkontrollierten Grammatik GC

vom Typ (3, 2) erzeugt werden.

Beweis. Die wesentlichen Ableitungsschritte in GC können folgendermaßen beschrieben werden:

• Anfangsregel: (i : A → A, σ (i) , ∅)

• Wir erzeugen schrittweise ein Terminalwort w = a1...ak am Anfang der Satzform und
gleichzeitig am Ende dessen Codierung gz (w) ; schließlich erhalten wir wABgz(w).

Für T = {a} , also z = 2 erfolgt das Hinzufügen eines Terminalsymbols a durch die folgende
Sequenz von Regeln:

(k1 : A → A, {k1 + 1} , ∅)

(k1 + 1 : A → aA, {k1 + 2} , ∅)

(k1 + 2 : B → λ, {k1 + 3} , {k1 + 4})

(k1 + 3 : A → ACC, {k1 + 2} , ∅)

(k1 + 4 : C → λ, {k1 + 5} , {k1 + 6})

(k1 + 5 : A → AB, {k1 + 4} , ∅)

(k1 + 6 : A → AB, {k1 + 7} , ∅)

(k1 + 7 : A → A, {k1, k2} , ∅)

In diesem Fall können wir einfach σ {i} = {k1} nehmen, für z > 2 müssen adäquate Module
für das Hinzufügen eines neuen Terminalsymbols nichtdeterministisch gewählt werden.

• Ersetze alle Symbole B durch Symbole A, i. e., aus wABgz(w) erhält man wAgz(w)+1 :

(k2 : A → A, {k2 + 1} , ∅)

(k2 + 1 : B → λ, {k2 + 2} , {k2 + 3})

(k2 + 2 : A → AA, {k2 + 1} , ∅)

(k2 + 3 : A → A, {k3} , ∅)

• Erzeuge 2gz(w) aus gz (w) so, dass man schließlich wy mit |y|B = 2gz(w)−ρ+1, |y|C = 0,
|y|A = ρ erhält. Eine erfolgreich terminierende Ableitung erhält man allerdings nur für
ρ = 1.

(k3 : A → A, {k3 + 1} , ∅)

(k3 + 1 : A → AB, {k3 + 2} , ∅)

(k3 + 2 : A → A, {k3 + 3, k3 + 8} , ∅)

(k3 + 3 : A → λ, {k3 + 4} , ∅)

(k3 + 4 : B → λ, {k3 + 5} , {k3 + 6})

(k3 + 5 : A → ACC, {k3 + 4} , ∅)

(k3 + 6 : C → λ, {k3 + 7} , {k3 + 2})

(k3 + 7 : A → AB, {k3 + 6} , ∅)

(k3 + 8 : A → A, {k4} , ∅)

• Simuliere die 2-Registermaschine ML (die Anfangsmarkierung für diese Simulation von
ML in GC ist k4, die Endmarkierung von ML ist mit der Markierung f − 1 in GC zu
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identifizieren):

k : (S (1) , l,m) wird simuliert durch (k : B → λ, {l} , {m}) ;

k : (S (2) , l,m) wird simuliert durch (k : C → λ, {l} , {m}) ;

k : (A (1) , l, l) wird simuliert durch (k : A → AB, {l} , ∅) ;

k : (A (2) , l, l) wird simuliert durch (k : A → AC, {l} , ∅) .

Die Anzahl der Variablen B bzw. C repräsentiert den Inhalt von Register 1 bzw. Register 2
von ML.

• Falls ML hält, endet GC mit

(f − 1 : A → λ, {f} , ∅) und (f : B → λ, ∅, ∅) .

Die schließlich so erhaltene Satzform ist von der Gestalt wAρ−1, i. e., nur für ρ = 1 erhalten
wir das Terminalwort w ∈ L (was bedeutet, dass ML auf 2gz(w) hält). 2

Aus dem oben gezeigten Resultat können die folgenden Ergebnisse abgeleitet werden (die
Beweise sind in [4] zu finden):

Korollar Jede rekursiv aufzählbare Sprache kann von einer

• programmierten Grammatik vom Typ (4, 2)

• Matrix-Grammatik vom Typ (4, 3)

• Matrix-Grammatik vom Typ (n, 2) für ein n ≥ 2

erzeugt werden.

Ob auch programmierte Grammatiken vom Typ (3, 2) genügen, um jede rekursiv aufzählbare
Sprache zu erzeugen, ist noch eingehender zu untersuchen.
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ABSTRACT

The state complexities of basic operations on nondeterministic finite automata (NFA) are investigated.

In particular, we consider Boolean operations, catenation operations – concatenation, iteration, λ-free

iteration – and the reversal on NFAs that accept finite and infinite languages over arbitrary alphabets.

Most of the shown bounds are tight in the exact number of states, i.e. the number is sufficient and

necessary in the worst case. For the intersection of finite languages and the complementation tight

bounds in the order of magnitude are proved.

It turns out that the state complexities of operations on NFAs and deterministic finite automata

(DFA) are quite different. For example, the reversal and concatenation have exponential state com-

plexity on DFAs but linear complexity on NFAs. Conversely, the complementation can be done with

linear complexity on DFAs but needs exponentially many states on NFAs.

Keywords: state complexity, finite automata, nondeterminism, finite and infinite regular languages.

1. Introduction

Motivated by several applications and implementations of finite automata in software engineer-
ing, programming languages and other practical areas in computer science, the state complexity
of deterministic finite automata has been studied in recent years. For example, the state com-
plexity of the intersection of DFAs has been studied in [15]. A tight bound of 2n states for the
reversal has been shown in [8], whereas catenations and other operations are the main topic of
[16]. For the important case of finite languages results have been obtained in [1]. A state-of-the-
art survey can be found in [14]. Related to the problem of finding upper bounds for the state
complexity is the problem of efficiently simulating nondeterministic automata by deterministic
ones. For example, transforming a certain type of NFA to a DFA gives an upper bound for the
corresponding NFA state complexity of complementation. Results concerning the simulation
problems have been shown in [3, 9, 10, 12].

As pointed out in [14] there are several good reasons why the size of DFAs is a natural
and objective measure for regular languages. On the other hand, the influence of the degree
of nondeterminism on the power and limitations of certain devices is an important question
in descriptional complexity theory. Finite automata with limited nondeterminism have been
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considered in [7] where an infinite nondeterministic hierarchy of regular languages has been
proved. In [4] it is dealt with the quantification of inherent nondeterminism in regular languages,
and in [5] with the relation between ambiguity and the amount of nondeterminism.

We expect that examining the state complexity of basic operations on NFAs will enhance
the understanding of the relations between nondeterminism, ambiguity and the power of finite
automata.

2. Boolean Operations

We start our investigations with Boolean operations on NFAs that accept languages over arbi-
trary alphabets. In the case when the finite automaton is deterministic it is well-known that
in the worst case the Boolean operations union, intersection and complementation have a state
complexity of m · n, m · n and m, respectively. (m and n denote the number of states of
the automata on which the operations are performed.) However, the state complexity of NFA
operations is essentially different. At first we consider the union.

Theorem 1 For any integers m,n ≥ 1 let A be an m-state and B be an n-state NFA. Then

m + n + 1 states are sufficient and necessary in the worst case for an NFA C to accept the

language L(A) ∪ L(B).

When we are concerned with finite languages the state complexity of the union can be reduced
by three states. In the deterministic case some more states can be saved. For these upper bounds
see [2].

Corollary 2 For any integers m,n ≥ 1 let A be an m-state NFA and B be an n-state NFA. If

L(A) and L(B) are finite, then m + n − 2 states are sufficient and necessary in the worst case

for an NFA C to accept the language L(A) ∪ L(B).1 2 � � � m� 10 m+n-1m m+ 1 � � � m+n-2start a a a a ab b b b b
Figure 1: Minimal NFA accepting {am} ∪ {bn}.

The complementation on nondeterministic devices is often a difficult problem. In case of
regular languages it is an expensive task at any rate. It is well known [11] that 2n is the tight
upper bound on the number of states necessary for a deterministic finite automaton to accept
an (infinite) n-state NFA language. Since the complementation operation on deterministic finite
automata neither increases nor decreases the number of states (simply exchange final and non-
final states) we obtain an upper bound for the state complexity of the complementation on
NFAs.

Corollary 3 For any integer n ≥ 1 the complement of an n-state NFA language is accepted by

a 2n-state NFA.

Unfortunately, this expensive upper bound is tight in the order of magnitude. Basically,
the idea is to construct an efficiently acceptable language such that nondeterminism cannot do
anything for a cheap and efficient acceptance of its complement.
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Theorem 4 For any integer n > 2 there exists an n-state NFA A such that any NFA that

accepts the complement of L(A) needs at least 2n−2 states.

The situation for finite languages over an ℓ-letter alphabet, ℓ ≥ 2, is quite different, since the
upper bound of the transformation to a deterministic finite automaton is different. In [12] it

has been shown that O(ℓ
n

log2 ℓ+1 ) states are an upper bound for deterministic finite automata
accepting a finite n-state NFA language.

Corollary 5 For any integers ℓ, n > 1 the complement of a finite n-state NFA language over

an ℓ-letter alphabet is accepted by an O(ℓ
n

log2 ℓ+1 )-state NFA.

Note, that for ℓ = 2 the upper bound is O(2
n

2 ).

Theorem 6 For any integers ℓ > 1 and n > 2 there exists a finite n-state NFA language L

over an ℓ-letter alphabet such that any NFA that accepts the complement of L needs at least

Ω(ℓ
n

2·log2 ℓ ) states.

Next we are going to prove a tight bound for the remaining Boolean operation, the intersection.
The upper bound is obtained by the somehow old-fashioned cross-product construction.

Theorem 7 For any integers n,m ≥ 1 let A be an m-state and B be an n-state NFA. Then

m · n states are sufficient and necessary in the worst case for an NFA to accept the language

L(A) ∩ L(B).

3. Catenation Operations

Now we turn to the catenation operations. In particular, tight bounds for concatenation, iter-
ation and λ-free iteration will be shown. Roughly speaking, in terms of state complexity these
are cheap operations for NFAs. Again, this is essentially different when deterministic finite au-
tomata come to play. For example, in [16] a bound of (2m− 1) · 2n−1 states has been shown for
the DFA-concatenation, and in [13] a bound of 2n−1 + 2n−2 states for the iteration.

Theorem 8 For any integers m,n ≥ 1 let A be an m-state NFA and B be an n-state NFA.

Then m + n states are sufficient and necessary in the worst case for an NFA C to accept the

language L(A)L(B).

In case of finite languages the concatenation is one state cheaper.

Lemma 9 For any integers m,n ≥ 1 let A be an m-state NFA and B be an n-state NFA. If

L(A) and L(B) are finite, then m + n − 1 states are sufficient and necessary in the worst case

for an NFA C to accept the language L(A)L(B).

The constructions yielding the upper bounds for the iteration and λ-free iteration are similarly.
The trivial difference between both operations concerns the empty word only. Moreover, the
difference does not appear for languages containing the empty word. Nevertheless, in the worst
case the difference costs one state.

Theorem 10 For any integer n > 2 let A be an n-state NFA. Then n + 1 resp. n states are

sufficient and necessary in the worst case for an NFA to accept the language L(A)∗ resp. L(A)+.

The state complexity for the iterations in the finite language case is n resp. n− 1.

Lemma 11 For any integer n > 1 let A be an n-state NFA. If L(A) is finite, then n− 1 resp.

n states are sufficient and necessary in the worst case for an NFA to accept the language L(A)∗

resp. L(A)+.
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4. Reversal

The last operation under consideration is the reversal. For deterministic automata one may
expect that the state complexity is linear. But it is not. In [16] for infinite languages a tight
bound of 2n has been shown. A proof of a tight bound for finite languages can be found in [1].
It is of order O(2

n

2 ) for a two-letter alphabet. From the following cheap bounds for NFAs it
follows once more that nondeterminism is a powerful concept.

Theorem 12 For any integer n > 3 let A be an n-state NFA. Then n+ 1 states are sufficient

and necessary in the worst case for an NFA C to accept the language L(A)R.

a0 1 � � � k bstart a a a a b b
a k � 1 � � � 00 a kb

start a a; b ab b
aa a a

ab
Figure 2: A (k + 3)-state and a (k + 4)-state NFA accepting languages Lk and LR

k
.

The fact that NFAs for finite languages do not have any cycle leads once more to the possibility
of saving one state compared with the infinite case.

Lemma 13 For any integer n ≥ 1 let A be an n-state NFA. If L(A) is finite, then n states are

sufficient and necessary in the worst case for an NFA to accept the language L(A)R.

The bound for the reversal of finite NFA languages is in some sense strong. It is sufficient
and reached for all finite languages. It holds also for the empty language.

Finally, Table 1 summarizes the state complexity bounds for NFAs and DFAs.

NFA DFA

finite infinite finite infinite

∪ m+ n− 2 m+ n+ 1 O(mn) mn

∼ O(ℓ
n

log2 ℓ+1 ) O(2n−2) n n

∩ O(mn) mn O(mn) mn

R n n+ 1 O(2
n

2 ) 2n

· m+ n− 1 m+ n O(mnt−1 + nt) (2m− 1)2n−1

∗ n− 1 n+ 1 2n−3 + 2n−4 2n−1 + 2n−2

+ n n

Table 1: Comparison of the NFA and DFA state complexities (ℓ is the number of states, t is the number
of final states of the ‘left’ automaton).
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Atomix is a solitaire game invented by Günter Krämer in 1990 and first published by Thalion
Software. The game takes place on a rectangular finite two-dimensional grid, the board. Every
cell of the board is either a wall, contains an atom, or is free. Walls cannot be changed,
and atoms can be of different types. A move consists of pushing an atom along the x-axis or
the y-axis. When an atom is pushed, it continues moving until it reaches a wall or another
atom. The game is won when all atoms are arranged in a given “molecule” goal pattern. An
instance of an Atomix game assembling the water molecule is depicted in Figure 1 – walls are
represented by black squares, free space by white squares, and atoms by labelled circles with
connections. Implementations of certain Atomix variations are available on the Internet; e. g.,

H

H

O

(a) Atomix board.

H H

O

(b) Molecule.

Figure 1: An Atomix problem assembling the water molecule.

for the X Window System a version under the terms of the General Public License (GPL) can
be downloaded from www.informatik.uni-oldenburg.de/~pearl/gnome/atomix.html. It is
worth mentioning that this program also contains a level editor. A JavaScript version can be
played online at www.sect.mce.hw.ac.uk/~peteri/atomix/.

Formally the Atomix problem is defined as follows: Given an Atomix board and a molecule,
is there a sequence of moves to assemble the atoms on the board to form the given molecule?
Obviously, this problem can be formalized as a state space search problem, which recently
was undertaken by Hüffner et al. [9]. There different heuristic search methods were presented.
Atomix falls into the category of sliding block puzzles as, e. g., PushPush [3], Sokoban [2, 4], or
15-Puzzle [12], where time and space complexity was, and still is, subject of intense research.
Though seemingly trivial, most variations are at least NP-hard, and contained in PSPACE; some
are even PSPACE-complete – we refer the reader to, e. g., Balcázar et al. [1] for further details
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on computational complexity. Hüffner et al. [9] actually have shown that Atomix is NP-hard
and contained in PSPACE, while the exact complexity was stated as an open problem. In this
paper we solve this open problem and improve their result showing the following theorem:

Theorem 1 Atomix on an n× n board is PSPACE-complete.

To this end we show that Atomix game puzzles can simulate deterministic or nondeterministic
finite automata. In particular, we construct an Atomix instance that is solvable if and only if
the non-emptiness intersection problem for finite automata, a problem known to be PSPACE-
complete [6, 10], has a solution. Observe that most importantly the above given theorem shows
that there are Atomix instances which have superpolynomially long optimal solutions.

Although most constructions used in the PSPACE-completeness proof are much like those in
the popular game, it is a tedious exercise to construct a particular Atomix instance having an
exponentially long optimal solution. We give an easy construction of Atomix game levels whose
optimal solutions meet the worst case. To this end we realize a pseudo n-bit counter in Atomix.
The main part of the construction consists of the simulation of a single bit, i. e., a device that
stores a bit, changes it accordingly, and produces a carry bit if triggered by an increment event.
In order to obtain an easy Atomix game level, we implement a pseudo-counting process. This
means that the stored 0 bit can, but need not, be changed to 1 and producing no-carry by
an increment event, while a 1 bit must be changed to 0 and produces a carry bit. This slight
difference to ordinary counting will allow us to construct simple Atomix game levels.

Finally we summarize some complexity results on block sliding puzzles, into which Atomix
falls. As already mentioned most of these problems are NP-hard and contained in PSPACE;
some of them are even PSPACE-complete. Table 1 is taken from Demaine et al. [3], extended

1. 2. 3. 4. 5. 6. 7. 8. 9.

Game Robot Pull Blocks Fixed # Path Slide Dim. Complexity

PushPush3D + − unit − 1 + + 3D NP-hard [11]

PushPush + − unit − 1 + + 2D NP-hard [3]

Push-* + − unit − k − − 2D NP-hard [7]

Sokoban+ + − 1×2 + 2 − − 2D PSPACE-compl. [4]

Sokoban + − unit + 1 − − 2D PSPACE-compl. [2]

15-Puzzle − unit − 1 − − 2D NP-hard [12]

RushHour − 1×{2, 3} − 1 + − 2D PSPACE-compl. [5]

Atomix − unit + 1 − + 2D PSPACE-compl.

Bricks − variable + 1 + − 2D PSPACE-compl. [8]

1. 2. 3. 4. 5. 6. 7. 8. 9.

Game Robot Pull Blocks Fixed # Path Slide Dim. Complexity

PushPush3D + − unit − 1 + + 3D NP-hard [11]

PushPush + − unit − 1 + + 2D NP-hard [3]

Push-* + − unit − k − − 2D NP-hard [7]

Sokoban+ + − 1×2 + 2 − − 2D PSPACE-compl. [4]

Sokoban + − unit + 1 − − 2D PSPACE-compl. [2]

15-Puzzle − unit − 1 − − 2D NP-hard [12]

RushHour − 1×{2, 3} − 1 + − 2D PSPACE-compl. [5]

Atomix − unit + 1 − + 2D PSPACE-compl.

Bricks − variable + 1 + − 2D PSPACE-compl. [8]

Table 1: Computational complexity of some block sliding puzzles summarized.

by the category of games where blocks are pushed by an external agent not presented on the
board. The columns mean:

1. Are the moves done by a robot on the board, or by an outside agent?

2. Can the robot pull as well as push?

3. Are all block unit squares, or may the have different shapes?

4. Are there fixed blocks, or are all blocks movable?

5. How many blocks can by pushed at a time?



Assembling Molecules in Atomix is Hard 71

6. Does it suffice to move the robot/a special block from s to t, instead of pushing all blocks
into storage location?

7. Will the blocks “keep sliding” when pushed till they hit an obstacle?

8. The Dimension of the puzzle: Is it 2D or 3D?
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1. Overview

We compare short cut deforestation formalized in category theory (which we call fusion) with
the syntactic composition of tree transducers. The former strongly depends on types and uses
the parametricity property [16] whereas the latter makes no use of types at all and allows
more general compositions. We introduce the notion of a categorical transducer which is a
generalization of a catamorphism and show a respective fusion result which is a generalization
of the ‘acid rain theorem’. We prove the following main theorems:

• The class of all categorical transducers builds a category where composition is fusion.

• The semantics of categorical transducers is a functor.

• The subclass of top-down categorical transducers is a subcategory.

• Syntactic composition of top-down tree transducers is equivalent to the fusion of top-down
categorical transducers.

2. Deforestation

Deforestation is a program transformation on functional programs to eliminate intermediate data
structures. Various techniques to achieve this are known: classical deforestation [17], cheap de-
forestation [9], short cut deforestation [10] and short cut deforestation using the ‘acid rain theo-
rem’ [15], warm fusion [13], hylo-fusion [11], symbolic composition of attributed grammars [8, 3],
and syntactic composition of tree transducers [14, 2].

The ‘acid rain theorem’ is expressed in terms of category theory, where recursive functions are
represented by catamorphisms. A catamorphism ([ϕ])F is the unique morphism which satisfies
the equation ([ϕ])F · inF = ϕ · F([ϕ])F , where F is an endofunctor, ϕ is an F-algebra, and inF is an
initial F-algebra.

We generalize the well known ‘acid rain theorem’ from [15] where we use a concrete functor H

(cf. [1]):

1Supported by the postgraduate program ‘Specification of discrete processes and systems of processes by

operational models and logics’ (GRK 334/2) of the German Research Community (DFG)
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Theorem 1 (generalized ‘acid rain theorem’, [12]) Let C be a category and F,G,U : C←C
endofunctors where F and G have initial algebras and U is faithful. For every ϕ ∈ Ob(AlgCG)
holds:

H : (AlgCF, | · |F)← (AlgCG,U · | · |G)

U([ϕ])G · ([HinG])F = ([Hϕ])F
2

Thus we expressed the composition of two catamorphisms as a single catamorphism. We call
this and similar results fusion. This theorem is the basis for the following fusion of categorical
transducers.

3. Tree Transducers

A tree transducer is a specific term rewrite system. A specific tree transducer called top-down

tree transducer can be viewed as a functional program with a strongly restricted syntax. We
denote the function which a tree transducer T computes by τT . An interesting question is
whether a given function can be computed by a tree transducer. As a special case we want
to know whether the composition of two functions, where each can be computed by a tree
transducer, can be computed by a single tree transducer itself. This question has been answered
by [14] for top-down tree transducers:

Theorem 2 Let T2 and T1 be top-down tree transducers. There exist a top-down tree-transducer

T , such that

τT2 · τT1 = τT. 2

The proof (cf. [6]) uses an explicit construction of the top-down tree transducer T from T2

and T1. We call this the syntactic composition of T2 and T1 and denote it by T2 · T1. Thus
the proposition of the last theorem may be written in the form τT2 · τT1 = τ(T2 · T1). Besides
top-down tree transducers, various classes of tree transducers, e. g. ((weakly) single-use) macro
tree transducers or attributed tree transducers, have been investigated [5, 8]. We are interested
in the similarities and differences of fusion and syntactic composition.

4. Categorical Transducers

We tried to find something like the ‘greatest common divisor’ of fusion and syntactic composition
of tree transducers:

Definition (categorical transducer) Let C be a category and F,G : C ← C be endofunctors

which have an initial algebra. A categorical transducer to G from F over C

(H,U, π) : G← F

consists of

• a faithful endofunctor U : C ← C,

• a natural transformation π : Id
·
← U, and

• a concrete functor H : (AlgCF, | · |F)← (AlgCG,U · | · |G).

The semantics S of the categorical transducer (H,U, π) : G← F is defined by

S(H,U, π) = π · ([HinG])F : µG← µF.

The following theorem is a version of our generalized ‘acid rain theorem’ for categorical trans-
ducers:
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Theorem 3 (composition of categorical transducers) The class of all categorical trans-

ducers over C is a category with identity

idF = (Id
(Alg

C
F,| · |F)

(Alg
C
F,| · |F

) , IdC , id)

and composition
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P
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��)

(H1,U1, π1)

F1

(H2 · H1,U2 · U1, π2 · U2π1)

F3

(H2,U2, π2)

F2 2

We denote this category by catTC .

Now we have to reinvent both theories (from Section 2 and Section 3) on this basis and then
we can compare them:

First, we give an ‘acid rain theorem’ for categorical transducers:

Theorem 4 The semantics S is a functor S : C ← catTC. 2

Second, we define a top-down categorical transducer and a respective composition result:

Theorem 5 The subclass of all top-down categorical transducers is a category. 2

Third, we compare top-down categorical transducers with top-down tree transducers:

5. Relation

We define a relation between a top-down tree transducer T and a top-down categorical trans-
ducers C, which we denote T ≈ C and investigate some of its properties:

Theorem 6 For every top-down tree transducer T exist a related top-down categorical trans-

ducer C, i. e. T ≈ C. 2

Theorem 7 For every top-down categorical transducer C exist a related top-down tree trans-

ducer T , i. e. T ≈ C. 2

The main necessary condition that the relation has to satisfy is that it implies semantic
equivalence:

Theorem 8 Let T be a top-down tree transducer and C a top-down categorical transducer.

T ≈ C =⇒ τT = SC. 2

Finally we are able to compare fusion and syntactic composition:

Theorem 9

T2 ≈ C2 ∧ T1 ≈ C1 =⇒ T2 · T1 ≈ C2 · C1 2
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6. Open Questions

• Is our concept of a categorical transducer general enough? Until now we could not express
a macro tree transducer as a categorical transducer (but nearly).

• Why can we compose two functions with context parameters using macro tree transducers
but not with the ‘acid rain theorem’?

• When is the composition better than two consecutive functions? What is ‘better’?

• What is the relation between the ‘acid rain theorem’ and cut-elimination? [4]

• When is a morphism a catamorphism? In Set: [7].
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[1] J. Adámek, H. Herrlich, and G. E. Strecker. Abstract and Concrete Categories. Pure and
Applied Mathematics. John Wiley & Sons, 1990.

[2] B. S. Baker. Composition of top-down and bottom-up tree transductions. Inform. and

Control, 41:186–213, 1979.

[3] L. Correnson, E. Duris, D. Parigot, and G. Roussel. Symbolic composition. Technical
Report 3348, INRIA, January 1997.

[4] R. Cockett. Deforestation, program transformation, and cut-elimination. In Proceedings

of the 4th Workshop on Coalgebraic Methods in Computer Science (CMCS 2001), pages
27–46, Genova, Italy, April 2001. Elsevier Science Publishers.

[5] J. Engelfriet and H. Vogler. Macro tree transducers. J. Comput. System Sci., 31:71–146,
1985.
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Bei Übertragung von Information über einen verrauschten Kanal stellt sich das Problem der Feh-
lererkennung und -korrektur. Dazu werden zusätzlich zu den Informationbits auch Kontrollbits,
die sich aus den Informationbits berechnen lassen, übertragen. Die Codierungstheorie beschäftigt
sich mit der Konstruktion guter Codes. Eine spezielle Klasse von Codes sind die sogenannten
Faltungscodes (eng.: convolutional codes).

Ein (binärer) Faltungscode mit Rate k/n ist ein Mealy Automat mit Eingabealphabet {0, 1}k

und Ausgabealphabet {0, 1}n. Ein Hauptproblem der Codierungstheorie ist:

• Gegeben ist die Anzahl der Zustände m. Wie groß kann der Minimalabstand dfree der
Ausgabefolgen werden?

Aus praktischen und theoretischen Gründen beschränken sich die meisten Untersuchungen
auf den Spezialfall eines Schieberegisters mit linearer Ausgabefunktion. Die Gründe für diese
Einschränkung sind:

1. Schieberegister lassen sich im Vergleich zu einer allgemeinen Speicherstruktur leicht her-
stellen, d.h. die Herstellungskosten sinken.

2. Durch die Einschränkung auf lineare Operationen kann man das Instrumentarium der
linearen Algebra anwenden.

In meinen Vortrag möchte ich auf die Frage eingegen, in wie weit die Güte des Codes durch
die Einschränkung auf den linearen Fall beeinflußt wird. Dazu untersuche ich für festes k und
m Codes mit maximalem dfree.

79





WELCHE KOMMUNIKATIONSPROTOKOLLE LASSEN SICH

MIT ENDLICHEN AUTOMATEN BESCHREIBEN?

Dietrich Kuske

Department of Mathematics and Computer Science, University of Leicester

Leicester, LE1 7RH, England

e-mail: d.kuske@mcs.le.ac.uk

Message sequence charts (MSCs) form a popular visual formalism used in the software devel-
opment. In its simplest incarnation, an MSC depicts the desired exchange of messages and
corresponds to a single partial-order execution of the system.

Definition by example

p q r

p!q

p!r

p?r

q?r

q!p
q!r

r?p

r!q

r?q
r!p

This MSC describes the behavior of three processes p, q,
and r. The basic actions that these processes can perform
are sending and receiving messages, e. g., p!q means that
process p sends a message to process q. The messages are
sent via FIFO-channels, and there is precisely one FIFO
channel for any pair of distinct processes. The messages are
represented by diagonal arrows connecting the sending and
the receiving event.

A communication protocol can then be described by a set of MSCs that denote the correct
behaviors of the components involved. Several methods to specify communication protocols,
and therefore sets of MSCs, have been considered, among them MSC-graphs or High-level MSCs
(HMSCs) that generate sets of MSCs by concatenating “building blocks”, Büchi automata that
accept the linear extensions of MSCs, and logics. In general, these formalisms have different
expressive power.

In [1], Alur & Yannakakis show that the collection of MSCs generated by a “bounded” (“locally
synchronized” in the terminology of [7]) MSC-graph can be represented as a string language
recognizable by a finite deterministic automaton (which is false and even undecidable in general).
Based on this observation, Henriksen et al. [7] study sets of MSCs whose linear extensions form a
regular string language. I will call these sets of MSCs “recognizable”. Notions of recognizability
has proven to be robust and fruitful in different settings like strings, trees, Mazurkiewicz traces
and other classes of partial orders (both finite and infinite). The robustness is reflected by the
fact that there are alternative definitions of recognizable sets of objects using combinatorial,
algebraic, or logical methods: in all these settings, recognizable sets can be presented by finite-
state devices, by congruences of finite index, or by sentences of monadic second order logic.
Even more, natural subclasses of monadic second order logic correspond to natural classes of
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congruences and finite-state devices (e. g., first-order logic corresponds to groupfree syntactic
monoids and to counterfree automata). The main results in [7] show similar equivalences for
bounded sets of finite MSCs. In particular, they prove the equivalence of the following three
concepts for bounded sets K of finite MSCs:

1. The set of linear extensions of K can be accepted by a finite deterministic automaton.

2. There is a sentence ϕ of the monadic second order logic such that K is the set of bounded
MSCs that satisfy ϕ.

3. The set K can be accepted by a nondeterministic message passing automaton.

This result was sharpened in [15] where it is shown that deterministic message passing automata
suffice.

The main focus of [11] (that forms the basis of the present talk) is the extension of these
results to sets of infinite MSCs. These infinite MSCs occur naturally as executions of systems
that are not meant to stop like distributed operating systems or telecommunication networks.
In the first part, we will extend the equivalence between the first and the second statement.
We will also consider two fragments of monadic second order logic, namely first-order logic FO
and its extension by modulo-counting quantifiers FO+MOD(n) [16]. We describe the expressive
power of these logics in the spirit of Büchi’s theorem: for a bounded set of possibly infinite
MSCs K, the following statements are equivalent

1. The set of linear extensions of K is recognizable (n-solvable, aperiodic, resp.).

2. The set K is axiomatizable by a sentence of monadic second order logic (of the logic
FO+MOD(n), first-order logic, resp.) relative to all possibly infinite MSCs.

In order to characterize recognizable sets of infinite MSCs in terms of message passing au-
tomata, we extend the model from [7] by a Muller-acceptance condition. It is shown that for a
bounded set of possibly infinite MSCs K, the following statements are equivalent

1. The set of linear extensions of K is recognizable.

3. The set K is accepted by a finite deterministic message passing automaton with Muller-
acceptance condition.

The proof of the implication 1→2 relies on a first-order interpretation of an MSC in any of its
linearisations. This allows us to use results from [3, 13] and [16] that characterize the expressive
power of the logics in question for infinite words. The proof 2→1 for finite MSCs from [7] uses a
first-order interpretation of the lexicographically least linear extension of t in the finite MSC t.
This proof method does not extend to the current setting since in general no linear extension of
order type ω can be defined in an infinite MSC. To overcome this problem, we use ideas from [17]
by choping an infinite MSC into its finite and its infinite part. It turns out that the infinite part
is the disjoint union of infinite posets to which the “classical” method from [7] is applicable. The
proof of the implication 3→1 is an obvious variant of similar proofs for finite automata for words
(cf. [18]), asynchronous automata for traces [19], or asynchronous cellular automata for pomsets
without autoconcurrency [6]. Mukund et al. proved the implication 1→3 for finite MSCs. In
order to do so, they had to reprove several results from the theory of Mazurkiewicz traces in the
more complex realm of MSCs. Differently, my proof for infinite MSCs refers to deep results in
the theory of Mazurkiewicz traces directly (cf. [4] for surveys on this theory). These results are
applicable since any recognizable set of MSCs can be represented as a set of traces up to an easy
relabeling. This observation has in my opinion several nice aspects: (1) it simplifies the proof,
(2) it also results in smaller message passing automata for finite MSCs, and (3) it highlights the
similarity of MSCs and Mazurkiewicz traces and the unifying role that Mazurkiewicz traces can
play in the theory of distributed systems. This last point is also stressed by the fact that similar
proof techniques have been used, e. g., in [2, 5, 10, 6, 12, 14].
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Zur Speicherung von Bildern in Computersystemen werden diese normalerweise durch eine Se-
quenz von Helligkeitswerten für jedes einzelne Pixel und jede einzelne Farbe angegeben bzw. be-
schrieben. Ein wesentlicher Nachteil dieser Beschreibungsform besteht im hohen Speicherbedarf,
der für jedes Bild benötigt wird. Interessanter sind dabei Methoden, die gewisse Eigenschaften
von Bildern ausnutzen und die Informationsmenge somit auf das Wesentliche reduzieren, d. h.
das Bild komprimieren.

Es gibt mehrere universelle Kompressions-Algorithmen, die auf einen Datenstrom angewen-
det werden können, z. B. die LZ-Kompression in [3]. Doch diese berücksichtigen nicht einige
besondere Eigenschaften und Charakteristiken von Bildern.

In [1, 2] benutzen Culik und Kari einen Kompressionsalgorithmus, der auf (gewichteten)
endlichen Automaten basiert. Der endliche Automaten beschreibt dabei das ursprüngliche Bild,
indem Bilder als endliche Sprache aufgefaßt werden. Kompression bedeutet, einen Automaten
zu konstruieren, der ein Eingabewort erhält, das der Postion eines Pixels entspricht, und eine
Ausgabe produziert (einen Graustufenwert).

Zellularautomaten sind in Bezug auf Sprachverarbeitung leistungsfähiger als endliche Au-
tomaten. Aus diesem Grund sind wir daran interessiert herauszufinden, wie (eventuell auch
modifizierte) Zellularautomaten zur Bilderzeugung und -kompression benutzt werden können.

Dazu betrachten wir zwei-dimensionale Zellularautomaten. Jede Zelle entspricht einem Pixel
des Bildes. Das Ziel ist die Verwendung von Signalen, um eine Zelle bzw. ein Pixel einzufärben.
Signale erlauben es uns Teilbilder zu kombinieren, skalieren, rotieren um daraus neue Teilbil-
der zu generieren. Daraus erhoffen wir uns Speicher für Teilbilder einzusparen, die aus schon
gespeicherten generiert werden können.
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It is well-known that the pushdown automaton with two pushdown stores, the so-called two-

pushdown automaton (TPDA), is as powerful as the Turing machine, and hence, it is a universal
model of a computing device. In [2] a restricted variant of the TPDA is considered, the so-called
shrinking TPDA. A weight function g is chosen that assigns a positive weight to each symbol
of the stack alphabet and to each state symbol. By adding up the weights this yields a weight
g(C) for each configuration C of the TPDA M considered. Now M is called shrinking if there
exists a weight function g such that each step of M strictly decreases the weight of the actual
configuration. It is shown in [2] that a language can be accepted by a shrinking TPDA (sTPDA)
if and only if this language is growing context-sensitive. The class GCSL of growing context-
sensitive languages has first been investigated by Dahlhaus and Warmuth [5], who proved that
GCSL is contained in the complexity class LOG·CFL of languages that are log-space reducible to
context-free languages. Buntrock and Loryś proved that GCSL is an abstract family of languages,
that is, it is closed under union, concatenation, iteration, ε-free morphisms, inverse morphisms,
and intersection with regular sets [1]. On the other hand, it has been observed that the so-called
Gladkij language

LGl := {w#wR#w | w ∈ {a, b}∗ }

is not growing context-sensitive [3], where wR denotes the reversal of the string w.
The deterministic variant of the sTPDA accepts exactly the Church-Rosser languages CRL [9],

and so this class can be interpreted as the deterministic variant of the class GCSL. However, the
class CRL also admits some other interesting characterizations. In various papers Jančar, Mráz,
Plátek, and Vogel present and investigate the restarting automaton RRWW and many variants of
it (see, e. g., [7]). Niemann and Otto show that the deterministic RWW- and the deterministic
RRWW-automata yield other characterizations of the class CRL [11, 10], and that GCSL is
contained in the class L(RWW) of languages accepted by RWW-automata. In [6] it is shown
that LGl is accepted by some RWW-automaton, thus showing that GCSL is properly contained in
L(RWW). There it is further shown that RWW-automata accept some NP-complete languages,
which shows that the closure of the class L(RWW) under log-space reductions coincides with
the complexity class NP.
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Alternation is a powerful generalization of nondeterminism. In fact, alternating polynomial
time is equivalent to deterministic polynomial space, and alternating polynomial space is equiv-
alent to deterministic exponential time [4]. Also the alternating versions of pushdown automata
and context-free grammars have been investigated. It turned out that the alternating pushdown
automata characterize the complexity class

⋃
c>0DTIME(cn) [4], and in [8] the question is ad-

dressed of whether the alternating context-free grammars are as expressive as the alternating
pushdown automata.

Here we will present the alternating variant of the shrinking TPDA, the shrinking alternating

TPDA (sATPDA). We will show that the increase in computational power obtained by alternation
is not as big as one might expect, as the sATPDA only accepts languages that are deterministic
context-sensitive. This is done by providing a simulation of an sATPDA by a deterministic, linear
space-bounded Turing machine. On the other hand, we will see that a suitably encoded version
of the language QBF of quantified Boolean formulas, which is known to be PSPACE-complete,
is accepted by some sATPDA, which implies that the closure of L(sATPDA) under log-space
reductions yields the complexity class PSPACE. In this way we obtain the following sequence of
inclusions, where DRWW and DRRWW denote the deterministic RWW- and RRWW-automata,
respectively:

CRL = L(sDTPDA) = L(DRWW) = L(DRRWW) ⊂ L(sTPDA)

= GCSL ⊂ LOG·CFL = LOG·GCSL ⊆ P

⊆ NP = LOG · RWW = LOG · RRWW ⊆ PSPACE

= LOG · L(sATPDA).

Finally, it should be pointed out that the language class L(sATPDA) is an abstract family of
languages that in addition is closed under complementation, and therewith under intersection,
and reversal.
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Wir zeigen, dass die Erkennung kontextfreier Sprachen auf das Wortproblem regulärer Ausdrücke
mit Durchschnitt reduziert werden kann. Die Reduktion lässt sich deterministisch in logarith-
mischem Platz und linearer Zeit ausführen. Somit ist dieses Wortproblem mindestens so schwer
wie die Erkennung kontextfreier Sprachen. Ein LOGCFL-Algorithmus verbessert die bekannte
obere Schranke NC2, womit das Wortproblem vollständig für LOGCFL ist. Bei Einschränkung
auf einelementige Alphabete ist das Problem schwer für NL.
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ABSTRACT

Gemäss dem algebraischen Ansatz von [4] untersuchen wir die Kommunikationskomplexität aperiodi-

scher Monoide im Multiparty-model von Chandra, Furst und Lipton. Wir stellen eine Vermutung vor,

die die aperiodischen Monoide, die beschränkte Kommunikationskomplexität haben, charakterisieren

würde und zeigen verschiedene Ergebnisse in dieser Richtung.

1. Einleitung

1.1. Kommunikationskomplexität

Wir betrachten Kommunikationsspiele mit k-Spielern (siehe [2]), bei denen n Eingabevariablen
in k Mengen [n] = X1∪̇ · · · ∪̇Xk unterteilt sind, wobei der Spieler Pi Zugang zu allen Variablen
ausser denen in Xi hat.

Seien A und B endliche Mengen. Ziel der Spieler ist es, gemeinsam eine Funktion f : An → B

zu berechnen, wobei es ihnen erlaubt ist, Bits nach einem bestimmten Protokoll an eine Tafel
zu schreiben, die für jeden Spieler sichtbar ist. Das Protokoll terminiert, wenn jeder Spieler
den Wert von f kennt. Die Kosten eines Protokolles für f sind definiert durch die maximale
Anzahl von Bits, die von den Spielern für eine Eingabe bei der schlechtesten Art der Vertei-
lung zu kommunizieren ist. Die k-Spieler Kommunikationskomplexität C(k)(f) von f sind die
Kosten des billigsten k-Spieler-Protokolls, das f berechnet. Aus der Definition folgt unmittelbar
C(k)(f) ≥ C(k′)(f) für k < k′ und C(k)(f) ≤ n

k
+ 1.

1.2. Algebra

Für zwei endliche Monoide1 M und N gelte M ≺ N , falls M das homomorphe Bild eines
Untermonoides von N ist. Eine Sprache L ⊆ X∗ wird durch M erkannt, wenn ein Morphismus

1Assoziative Halbgruppen mit neutralem Element, siehe [1], [3]
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φ : X∗ → M existiert mit L = φ−1(F ) für eine Teilmenge F ⊆ M . Eine Sprache L ist regulär,
wenn sie durch ein endliches M erkannt werden kann.

Für eine reguläre Sprache L ⊆ X∗ und ein Wort x definieren wir die Menge Yx = {(u, v) :
uxv ∈ L}. Durch x ∼L y genau dann wenn Yx = Yy erhalten wir eine Kongruenz mit endlichem
Index. Das syntaktische Monoid X∗/ ∼L von L bezeichnen wir als M(L). Dieses Monoid M(L)
erkennt L und für alle N , die ebenfalls L erkennen, gilt M(L) ≺ N .

Die k-Spieler Kommunikationskomplexität C(k)(M) von M ist die maximale Komplexität
einer regulären Sprache, die von M erkannt werden kann. Es wurde in [4] gezeigt, dass dies bis
auf einen konstanten Faktor der Komplexität, ein Produkt von Elementen in M auszuwerten,
entspricht. Ferner gilt C(k)(M) = Θ(C(k)(L)) für alle L mit M(L) = M vorausgesetzt L hat
einen neutralen Buchstaben.

DA ist die Menge der Monoide mit (xyz)ty(xyz)t = (xyz)t, für ein t ≥ 0. DA hat viele
nützliche Charakterisierungen und steht im Zentrum vieler Ergebnisse über Komplexitätsfragen
über aperiodische Monoide. Insbesondere benützen wir die Eigenschaft, dass ein aperiodisches
Monoid M genau dann ausserhalb von DA liegt, wenn es entweder von BA2, dem syntaktischen
Monoid der regulären Sprache (ab)∗, oder von U , dem syntaktischen Monoid von A∗aaA∗ geteilt
wird.

Sei A ein endliches Alphabet und, für t ∈ N und x ∈ A∗ sei αt(x) die Anzahl der Vorkommen
jedes Buchstaben von A im Wort x bis zum Schwellenwert t. Wir definieren induktiv über k eine
Familie von Äquivalenzrelationen ≈k,t auf A

∗ für k, t ∈ N. Es gilt x ≈0,t y für alle x, y ∈ A∗ und
alle t. Rekursiv definieren wir x ≈k,t y genau dann wenn

1. x ≈k−1,t y

2. αt(x) = αt(y)

3. Für alle x = x0ax1 und y = y0ay1 mit |x0|a = |y0|a ≤ t, gilt x0 ≈k−1,t y0 und x1 ≈k−1,t y1

4. Für alle x = x0ax1 und y = y0ay1 mit |x1|a = |y1|a ≤ t, gilt x0 ≈k−1,t y0 und x1 ≈k−1,t y1

Für alle k, t ist das endliche Monoid A∗/ ≈k,t aperiodisch für alle k, t und liefert eine Para-
metrisierung von DA:

Lemma Sei M = A∗/γ, mit |A| = n so ist M ∈ DA ganau dann wenn ≈k,t ⊆ γ für ein

Paar k, t.

Es sei Wk die Menge der Monoide M = A∗/γ mit ≈k,t ⊆ γ für ein t.

2. Einige Schranken der Multiparty-Kommunikationskomplexität von Monoiden

Es wurde in [4] gezeigt, dass eine Gruppe G genau dann konstante k-Spieler Kommunikations-
komplexität (k ≥ 2) hat wenn sie nilpotent der Klasse (k − 1) ist, andernfalls hat sie lineare
Komplexität.

Vermutung Ein aperiodisches Monoid M hat konstante k-Spieler Kommunikationskomplexität

genau dann wenn es zu Wk−1 gehört.

Die
”
wenn“-Richtung können wir durch Konstruktion eines Protokolles zeigen, bei welchem

die Spieler feststellen, welche Spieler die ersten bzw. letzten t a’s haben und und jeweils rekursiv
mit einem Spieler weniger die Relation ≈k−1,t prüfen. Ein Zählen (bis t) ist bereits mit zwei
Spielern möglich.

In der umgekehrten Richtung haben wir nur Teilergebnisse. Wir zeigen zunächst, dass ein Mo-
noid, das nicht zu

⋃

k

Wk = DA gehört, keine konstante k-Spieler Kommunikationskomplexität

für irgend ein k besitzt, was ein offenes Problem in [4] löst. Nach obiger Bemerkung genügt es,
untere Schranken für BA2 und für U zu zeigen.
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Theorem C(k)(BA2) is nicht konstant für jedes k.

Es gilt C(k)(U) ∈ ω(log n) laut [4]. Die Vermutung in [4] dass alle aperiodischen Monoide, die
nicht zu DA gehören, lineare Kommunikationskomplexität hätten, widerlegen wir wie folgt:

Theorem Die Sprache (ab)∗ kann durch 4 Spieler mit O(
√
n log(n)) Kommunikationsbits und

durch 5 Spieler mit O(log(n)) Kommunikationsbits erkannt werden.

2.1. Der 3-Spieler-Fall

Unsere Vermutung ist trivial für k = 1. Für k = 2, wissen wir aus [4, 5] dass aperiodische
Monoide genau dann konstante 2-Kommunikationskomplexität besitzen, wenn sie kommutativ
sind, was der Definition von W1 entspricht. Wir können die Vermutung auch für k = 3 zeigen.

Lemma Ein Monoid M gehört zu W2 genau dann wenn ein t existiert so dass für alle x, y, z ∈

M sowohl xt+1 = xt als auch xtyxtzxt = xtyzxt gilt.

Sei f : {0, 1}n × {0, 1}log n × {0, 1}log n → {0, 1} definiert durch f(α, β, γ) = 1 genau dann
wenn β < γ und in dem n-Bit Wort α die Bits αβ, αβ+1, . . . , αγ alle gleich 0 sind.

Theorem C(3)(f) = ω(1)

Folgerung Ein aperiodisches Monoid M hat konstante 3-Spieler Kommunikationskomplexität

genau dann wenn es zu W2 gehört.

Vermutung Für alle k gilt: Die reguläre Sprache A∗a1A
∗a2 . . . A

∗akA
∗, mit A = {a1, . . . , ak}

hat nicht-konstante k-Spieler Kommunikationskomplexität.
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ABSTRACT

We look for small PCP instances that are hard: They consist of only a few pairs of short words, but
their minimal solution is very long.

In particular, we collect information on PCP instances consisting of three pairs. We list the
known record holders, then describe a family of hard instances (related to D0L systems), and finally
conjecture an upper bound for hardness.

Schlagwörter: Post correspondence problem, busy beaver.

1. Einleitung

Oft kann man dadurch Informationen über eine Problemklasse gewinnen, daß man nach kleinen,
aber möglichst schweren Instanzen sucht. Ein klassisches Beispiel ist die Suche nach Busy-Beaver-
Turingmaschinen [4].

Gelingt es zudem, die Schwere einer Instanz durch eine berechenbare Funktione ihrer Größe
zu beschränken, erhält man Aussagen über Entscheidbarkeit und Komplexität.

Wir wenden diese Technik auf eingeschränkte Klassen des Postschen Korrespondenz-Problems
(PCP) an.

2. Bezeichnungen und Voraussetzungen

Eine PCP-Instanz ist eine endliche Liste [(u1, v1), . . . , (un, vn)] von Wörtern ui, vi ∈ Σ+, die zwei
Morphismen φ,ψ : Γ∗ → Σ∗ (mit Γ = {1, . . . , n}) durch φ(i) = ui, ψ(i) = vi bestimmen. Eine
Lösung einer Instanz (φ,ψ) heißt jedes nichtleere Wort aus der Menge E(φ,ψ) = {w : φ(w) =
ψ(w)}. Es ist wohlbekannt, daß die Menge der lösbaren Instanzen nicht entscheidbar ist [6].

Die Größe einer Instanz ist die Anzahl ihrer Wortpaare, d. h. |Γ|. Wir bezeichnen mit PCP(n)
die Menge aller lösbaren Instanzen der Größe n. Die Menge PCP(2) ist entscheidbar [1], aber
PCP(7) nicht [5]. Wir interessieren uns hier für PCP(3). (Im folgenden betrachten wir nur
Instanzen mit Ziel-Alphabet Σ = {0, 1}.)

DieWeite einer Instanz ist die größte vorkommende Wortlänge max{|ui|, |vi|}. Die Menge aller
lösbaren Instanzen mit Größe n und Weite w heißt PCP(n,w). (Diese Mengen sind endlich.) Wir
fragen nach den Instanzen aus PCP(3, w), für die die Länge einer kürzesten Lösung möglichst
groß wird.

Beispiel 1 Die Instanz

P1 =

(
110 0 1
1 1 01

)

97



98 M. SCHMIDT, H. STAMER, J. WALDMANN

hat die kürzeste Lösung AACBCCBC.

Zu jeder Instanz P = (φ,ψ : Γ → Σ) definieren wir den unendlichen, gerichteten, kantenmarkier-
ten GraphenG(P ): seine Knoten sind alle möglichen Differenzen {(p, q) : p, q ∈ Σ∗, p = ǫ∨q = ǫ},

und er enthält eine Kante (p, q)
i

−→ (p′, q′) genau dann, wenn ∃c ∈ Σ∗ : p ·ui = c ·p′∧q ·vi = c ·q′.
Eine Lösung von P ist dann ein nichtleerer Pfad von START=(ǫ, ǫ) zurück zu START in G(P ).

START

10

A

0110

A

00

B

0
C

101

C

1

A

1

B

110
A

01110

A

010

B

110

A

C

0

B

01

C

1101

C

C

101110

A

1010
B

01110110

A

011100

B

010110

A

0100

B

1101101

C

11001

C

01101

C

001
C

10110

A

100

B

1011
B

A

A

B

A
B

C

A

B

A

B

11

B

A

C

B
B

B

B

B

B

Abbildung 1: von START erreichbare Knoten (der Weite ≤ 6) in G(P1)

Bei der maschinellen Suche nach Lösungen einer Instanz kommt es darauf an, die Menge der
bereits betrachteten Knoten in G(P ) effizient zu verwalten.

3. Schwierige PCP-Instanzen

Wir listen in der Tabelle 1 die derzeitigen Rekordhalter auf. (Aktuelle Informationen sind immer
auf der Webseite http://www.informatik.uni-leipzig.de/~pcp/)
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(Größe,Weite) Instanz
kürzeste
Lösung

Autor

(3,3)

(
0 1 001
001 0 1

)

75 Lorentz [3], Waldmann

(3,4)

(
101 1 010
1 01 1101

)

216 Zhao [7]

(3,5)

(
11010 1 11111
11 10101 01

)

189 Stamer

(4,3)

(
000 0 11 10
0 111 0 100

)

204 Lorentz [3]

(4,4)

(
1010 11 0 01
100 1011 1 0

)

256 Zhao [7]

Tabelle 1: Rekorde schwieriger PCP-Instanzen

4. Spezielle PCP(3)

Es ist uns aufgefallen, daß viele schwere PCP(3)-Instanzen die FormM(u, v) =

(
0 1 u

v 0 1

)

haben,

beispielsweise das Rekord-PCP(3,3). (Dort gilt sogar u = v. Siehe auch [2] über eine Verallge-
meinerung.)

Um eine Lösung für M(u, v) zu suchen, können wir, von links beginnend, beliebig lange aus-
schließlich die ersten beiden Paare benutzen. Wir erhalten so Anfangsstücke des vom Morphis-
mus 0 7→ v, 1 7→ 0 erzeugten unendlichen D0L–Wortes. Wir können auch von rechts beginnen
und ausschließlich die letzten beiden Paare benutzen, und erhalten (gespiegelt) Anfangsstücke
des D0L-Wortes von 0 7→ 1, 1 7→ u. Die Frage dabei ist, ob und wie sich diese beiden Wörter
schließlich treffen. Die Lösungen haben im Allgemeinen jedoch nicht die Form {A,B}∗{B,C}∗.

Ein Spezialfall dieses Musters sind Fibonacci-Instanzen F (u) = M(u, 01). Die ersten beiden
Paare ergeben das Fibonacci-Wort f = 01001010010 . . . Die Instanz F (1001) besitzt die mini-
male Lösungslänge 78, und F (001001) erreicht 120. Es ist klar, daß F (u) nur dann lösbar ist,
wenn u ein Faktor von f ist. Diese Bedingung ist jedoch nicht ausreichend, denn beispielweise
F (1001001) ist unlösbar.

5. Notwendige Bedingungen für lösbare Instanzen

Wir sind dabei, maschinell alle Instanzen aus PCP(3,3) auf Lösbarkeit hin zu überprüfen. Dabei
kommt es natürlich darauf an, Lösungen schnell zu finden, aber auch darauf, unlösbare Instanzen
schnell zu erkennen.

Bei PCP(3) kann man aus den Parikh-Vektoren der ui, vi zwei homogene lineare Gleichungen
für die drei Elemente das Parikh-Vektors jeder Lösung bestimmen. D. h. das Verhältnis der
Buchstabenanzahlen A,B,C in der Lösung steht (bis auf pathologische Fälle) von vornherein
fest, und kann zur Beschleunigung der Suche benutzt werden.

6. PCP-Familien und Wachtumsraten

Lorentz [3] bemerkt, daß die Familie

(
0 10n

0n1 0

)

mit minimalen Lösungen AnBn das stärkste

bekannte Wachstum (der Länge einer kürzesten Lösung, betrachtet als Funktion der Weite der
Instanz) innerhalb PCP(2) erreicht. Jedoch scheint es keinen einfachen Beweis dafür zu geben,
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daß minimale PCP(2)-Lösungen nur linear lang sind, denn das würde einen einfachen Beweis
der Entscheidbarkeit von PCP(2) implizieren.

Welches sind schnell wachsende PCP(3)-Familien? Wir erreichen quadratisches Wachstum

durch

(
0 0n 1n0
00 1 0

)

mit minimalen Lösungen An
2

BnC, und konnten das bisher nicht übertref-

fen.

Es gibt einige Familien, deren Verhalten nicht so offensichtlich ist. Zum Beispiel ist die

Lösungslänge von

(
11010 1 1n

11 10101 01

)

dann groß, wenn 2 eine primitive Wurzel modulo 4n− 1

ist. Das ist für n = 5 der Fall und gibt das derzeitige Rekord-PCP(3,5). Die Lösungslänge ist
jedoch selbst dann quadratisch beschränkt.

7. Zusammenfassung und Ausblick

Wir vermuten, daß PCP(3) entscheidbar ist. Die bisher vorliegenden Daten legen Beweisversuche
aus zwei Richtungen nahe:

1. spezielle PCP(3):

(a) Zeige, daß die Lösbarkeit von M(u, v) =

(
0 1 u

v 0 1

)

entscheidbar ist.

Spezialfall: zeige, daß Fibonacci-PCPs F (u) =M(u, 01) entscheidbar sind.

(b) Zeige, daß sich andere PCP(3) auf die Form M(u, v) reduzieren lassen.

Zum Beispiel: welcher Zusammenhang besteht zwischen dem Rekord-PCP(3,4)(
101 1 010
1 01 1101

)

und dem Fibonacci-PCP F (10100101) =

(
0 1 10100101
01 0 1

)

?

Beide haben eine kürzeste Lösung der Länge 216.

2. Wachstum:

(a) Zeige, daß eine kürzeste Lösung von PCP(3, w) die Länge O(w2) besitzt – oder finde
eine stärker wachsende Familie.

In jedem Fall würde eine vergrößerte Sammlung von Busy-Beaver-Instanzen und -Instanz-
Familien weiterhelfen. Wir laden deswegen alle Interessenten herzlich ein, diese Tiere zu jagen
und an unser Museum zu schicken.

Fordern Sie auch Ihre Studenten zur Mitarbeit auf! Das Thema eignet sich nach unserer
Erfahrung sehr gut zum Erlernen und Ausprobieren von implementierungs-technischen, aber
auch formal-sprachlichen Methoden.

Auf unserer Webseite http://www.informatik.uni-leipzig.de/~pcp/ finden Sie neben den
aktuellen Rekorden auch ein Online-PCP-Puzzlespiel, für das täglich neue (mittelschwere) In-
stanzen generiert werden.
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ABSTRACT

We consider grammars whose productions are valuated by integer vectors. A derivation is legal iff the

sum of the valuations is non-negative at any time and equal to zero at the end. We show that positive

valence grammars with context-free rules are equivalent to matrix grammars, investigate their Parikh

languages and discuss some restrictions.

1. Introduction

In [3], Greibach introduced two kinds of restricted multicounter machines. A blind k-counter

machine is a nondeterministic finite automaton whose state transitions are equipped with k-
dimensional integer vectors. An input word is accepted iff there is a run that reaches a final
state such that the sum of the vectors of the applied transitions is the zero vector. A partially

blind k-counter machine is defined in the same way; additionally, it is required that the sum of
the vectors is positive at any time of an accepting run.

Valence grammars, independently introduced by Păun [4], combine the mechanisms of a gram-
mar and a blind multicounter machine. Due to their simplicity and to several nice properties
regarding closure under operations and decidability, valence grammars have found attention in
several recent publications.

In this paper, we are going to discuss an analogous combination of grammars and partially
blind multicounter machines, which will be called positive valence grammars. We shall show that
context-free positive valence grammars are equivalent to context-free matrix grammars (without
appearance checking). Then, we shall consider the Parikh sets of positive valence languages.
Finally, we discuss two restrictions, namely grammars of finite index and grammars without
zero test in the end.

Note that Brandenburg [1] discussed a similar variant of regulated rewriting. In particular,
he obtained results analogous to Theorems 1 and 3.

2. Definitions

We assume that the reader is familiar with the basics of formal language theory, and give only
definitions from regular rewriting.

First, let us fix some notations. Inclusion is denoted by “⊆”, proper inclusion by “⊂”. The
sets of natural and integer numbers are denoted by N and Z. The i-th unit vector in Zk is ~ei.
A derivation using the sequence of rules π is written α

π
⇒ β.

A grammar with control language is a quintuple G = (N,T, P, S,C), where (N,T, P, S) is a
grammar (with nonterminals N , terminals T , production rules P , start symbol S), and C is a
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language over P . The language generated by G is L(G) = {w ∈ T ∗ :S
π
⇒ w ∧ π ∈ C}. G is

called a grammar with regular control if C is a regular language.

A matrix grammar (without appearance checking) is a quintuple G = (N,T,M,S), where
N,T, S are defined as in a grammar, andM is a finite set of matrices, i.e., finite sequences of rules
(or a finite set of words over a set of rules P ). The language generated by G is L(G) = {w ∈ T ∗ :
S

π
⇒ w ∧ π ∈ M∗}.

A valence grammar over Zk is a quintuple G = (N,T, P, S,Zk), where N,T, S are defined
as in a grammar, and P is a finite set of valence rules (α → β,~r), where α → β is a rule and
~r ∈ Zk. The direct derivation relation ⇒ over (N ∪ T )∗ × Zk is defined by: (γ, ~z) ⇒ (γ′, ~z′) iff
γ = γ1αγ2, γ

′ = γ1βγ2 and ~z′ = ~z + ~r, for some (α → β,~r) ∈ P . The language generated by G

is L(G) = {w ∈ T ∗ : (S,~0 ⇒ (w,~0).

A positive valence grammar is formally defined like a valence grammar. However, the direct
derivation relation ⇒ for G = (N,T, P, S,Zk) is only defined over (N ∪ T )∗ ×Nk. The language
generated by G is L(G) = {w ∈ T ∗ : (S,~0 ⇒ (w,~0).

The families of languages generated by the above regulated grammars are denoted by L(R,X),
R ∈ {M, rC,Val,PVal}, X ∈ {CF,CF − λ,REG}, where R specifies the type of regulation
(matrix, regular control, valence, positive valence) and X specifies the type of the core rules
(context-free, non-erasing context-free, regular). It is well-known that L(M,X) = L(rC,X) [2].

The family of languages accepted by partially blind multicounter automata is denoted by
PBLIND.

3. Generative Power

Theorem 1 L(PVal,CF) = L(M,CF).

Proof. Consider a positive valence grammar G = (N,T, P, S,Zk). The idea is to introduce a
new nonterminal for each dimension. The current value of a component is indicated by the
number of appearances of the respective symbol. Formally, we construct a matrix grammar
G′ = (N ∪ N ′, T,M, S′) with N ′ = {A1, . . . , Ak, S

′,X}, the start matrix (S′ → SX) and the
termination matrix (X → λ). For a valence rule p = (A → α,~r) ∈ P , ~r = (r1, r2 . . . rk), M
contains a matrix m(p) consisting of the rule A → α and, for any 1 ≤ i ≤ k, of ri copies of
X → AiX if ri ≥ 0, or |ri| copies of the rule Ai → λ if ri < 0.

On the other hand, let G = (N,T, P, S,C) be a grammar with regular control. Let A =
(Q,P,∐∞, δ,F) be a finite automaton accepting C with Q = {q1, q2 . . . , qk}. We construct an
equivalent positive valence grammar G′ = (N ∪{S′,X}, T, P ′, S′,Zk). For a transition (qi, p, qj),
P ′ contains the valence rule (p,~ej − ~ei). Moreover, there are the start rule (S′ → SX,~e1) and
the termination rules (X → λ,−~ei), for all qi ∈ F . 2

The proof of the equivalence between regular grammars and finite nondeterministic automata
with λ-moves can be extended, and we obtain:

Theorem 2 L(PVal,REG) = PBLIND.

Theorem 3 L(PVal,CF− λ) = L(PVal,CF).

Proof. Let G = (N,T, P, S,Zk) be a positive valence grammar. Without loss of generality,
we can assume that N can be partitioned as N = N1 ∪ N2 such that symbols from N1 (N2,
respectively) can only generate nonempty words (the empty word, respectively).

The idea is to store the number of symbols from N2 in card(N2) additional dimensions. The
application of a rule of the form (A → α,~r), A ∈ N2, α ∈ N∗

2
, is simulated by a rule of the form

(B → B,Ψ(α)−Ψ(A) + ~r), where Ψ(α) is the vector associated to α ∈ N∗

2
. 2
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Note that the last result does not help to solve the open question whether matrix grammars
with erasing rules are strictly stronger than those without erasing rules. The construction in the
proof of Theorem 1 usually gives a matrix grammar with erasing rules, even for positive valence
grammars without erasing rules.

4. Parikh Sets

It is well-known that Parikh languages of matrix grammars are closely related to reachability
sets in Petri nets. In what follows, we gives some more results on these sets. Let PL be the
family of Parikh sets of languages in L.

Theorem 4 PL(PVal,CF) = PL(PVal,REG).

Proof. Again, the idea is to store the count of a nonterminal symbol in an additional dimension.
2

Greibach [3] showed that linear time partially blind counter automata (accepting a word of
length n in O(n) steps, notation PBLIND(lin)) are strictly stronger than the real-time variant
(performing O(1) λ-moves in sequence, notation PBLIND(n)). We show that the respective
families of Parikh languages are equivalent.

Theorem 5 PL(PBLIND(lin)) = PL(PBLIND(n)).

Proof. Let A be a linear time partially blind multicounter automaton with input alphabet T .
Let the computation time for a word of length n be bounded by dn. We construct a partially blind
multicounter automaton B with 2 additional counters for each input symbol. In every (d+1)-th
step, B consumes a letter of the input word and increases the first counter corresponding to the
symbol. In the other steps, B performs λ-moves and simulates an accepting run of A on some
other input. Whenever a non-λ-move of A is simulated, the second counter corresponding to
the symbol is increased. Finally, it is verified that, for any symbol in T , the counters have the
same contents and thus the real input and the guessed input for A are Parikh equivalent. 2

5. Two Restrictions

The first restriction we consider is the finite index. A context-free (matrix, regular con-
trol,valence, positive valence) grammar is of finite index iff there is a constant k such that
every word of the generated language can be generated using only sentential forms with at most
k nonterminal symbols. The language family generated by finite index grammars of regulation
R and rule type X is denoted by L(R,Xfin). Note that L(M,CFfin) = L(rC,CFfin) [2].

Theorem 6 L(M,CFfin) ⊂ L(PVal,CFfin)

Proof. The second part of the proof of Theorem 1 shows that a grammar with regular control
of finite index can be transformed into an equivalent positive valence grammar of finite index.
Thus, the inclusion follows. It is a proper one, as matrix grammars of finite index can only
generate languages with semilinear Parikh sets [2], while the non-semilinear language {ambn :
1 ≤ m, 1 ≤ n ≤ 2m} can be generated by a regular positive valence grammar. 2

Finally let us shortly discuss grammars without zero test, i.e., where a terminal word w is
in the language if some pair (w,~r) can be generated. For core rules of type X, denote the
corresponding language families by L(PVal− 0,X).

Lemma 7 For an arbitrary core rules type X, L(PVal− 0,X) ⊆ L(PVal,X).
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Proof. Consider a positive valence grammar G = (N,T, P, S,Zk) without zero tests. The equiv-
alent positive valence grammar G′ has just an extended set of valence rules. For any valence
rule (p,~r) ∈ P , G′ contains all valence rules (p,~s), where ~r = (r1, . . . , rk), ~s = (s1, . . . , sk),
0 ≤ si ≤ ri, if 0 ≤ ri, and si = ri, if 0 > ri.

It is now easily shown by induction that (α,~s) can be generated by G′ iff some (α,~r), ~s ≤ ~r,
is generated by G. 2

We finally show that the inclusion turns into equality in the case of general context-free rules,
while it is strict for regular rules.

Theorem 8 L(PVal− 0,CF) = L(PVal,CF).

Proof. Given a context-free positive valence grammar G = (N,T, P, S,Zk), using the construc-
tions in the proof of Theorem 1, we can find an equivalent context-free positive valence grammar
G = (N ′, T, P ′, S′,Zk′) which can only generate pairs of the form (αX,~ei) or (α,~0) where X is
a specific symbol in N ′, α′ ∈ (N ′ \ {X} ∪ T )∗, and 1 ≤ i ≤ k′. This means that G′ without zero
test generates the same language as with zero test. 2

Theorem 9 L(PVal− 0,REG) ⊂ L(PVal,REG).

Proof. We show that the language L = {anbn :n ≥ 1} is not in L(PVal − 0,REG). Let G =
(N,T, P, S,Zk) be a regular positive valence grammar without zero test such that L ⊆ L(G).

Then there is a nonterminal A such that (S,~0)
∗

⇒ (anA,~r(n))
∗

⇒ (anbn, ~s(n)), for infinitely many
n. By Dickson’s Lemma, there are n1 < n2 such that ~r(n1) ≤ ~r(n2). Hence, there is a derivation

(S,~0)
∗

⇒ (an2A,~r(n2))
∗

⇒ (an2bn1 , ~s(n2) + ~r(n2)− ~r(n1)),

and thus L ⊂ L(G). 2
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ABSTRACT

Es wird gezeigt, dass die Menge der Mehrdeutigkeitsfunktionen zykelfreier kontextfreier Grammatiken

mit der Menge der inhärenten Mehrdeutigkeitsfunktionen kontextfreier Sprachen übereinstimmt.

1. Einleitung

Eine kontextfreie Grammatik heißt eindeutig, wenn jedes Wort höchstens einen Ableitungsbaum
besitzt. Eine kontextfreie Sprache heißt (inhärent) mehrdeutig, wenn sie von keiner eindeuti-
gen kontextfreien Grammatik erzeugt werden kann. Die Existenz von mehrdeutigen kontext-
freien Sprachen wurde in [5] nachgewiesen. Man kann mehrdeutige kontextfreie Grammatiken
und Sprachen nach der maximalen Anzahl von Ableitungsbäumen auffächern. Eine kontext-
freie Grammatik heißt k-deutig, wenn es ein Wort mit k Ableitungsbäumen gibt, aber kein
Wort mehr als k Ableitungsbäume besitzt. Eine kontextfreie Sprache heißt k-deutig, wenn sie
von einer k-deutigen kontextfreien Grammatik aber von keiner (k − 1)-deutigen kontextfrei-
en Grammatik erzeugt wird. In [3] wurde die Existenz k-deutiger kontextfreier Sprachen für
alle k ∈ N nachgewiesen. Darüberhinaus gibt es aber auch kontextfreie Sprachen mit unend-
lichem Mehrdeutigkeitsgrad [2]. Diese Sprachen können nach dem Wachstumsverhalten ihrer
Mehrdeutigkeitsfunktion in Abhängigkeit von der Wortlänge weiter aufgefächert werden. Die
Mehrdeutigkeitsfunktion d̂G(n) einer zykelfreien kontextfreien Grammatik ist eine totale Funk-
tion, die zu jedem n die maximale Anzahl der Ableitungsbäume angibt, die ein Wort bis zur
Länge n haben kann. In [6, 7] wurde die Mehrdeutigkeitsfunktion eingeführt und gezeigt, dass
es zu jeder zykelfreien kontextfreien Grammatik G ein k ∈ N gibt so, dass d̂G(n) ∈ 2Θ(n)∪O(nk)
gilt. Der Wert von k kann dabei effizient bestimmt werden [9]. In [4] wurde gezeigt, dass es für
jedes k ∈ N eine kontextfreie Sprache mit inhärenter Mehrdeutigkeit Θ(nk), sowie exponentiell
mehrdeutige kontextfreie Sprachen gibt. Es wurden auch bereits einige kontextfreie Sprachen
mit sublinearer Mehrdeutigkeit gefunden [8]. Bei allen Mehrdeutigkeitsfunktionen wurde bis-
her getrennt die Frage betrachtet, ob es eine kontextfreie Grammatik mit der entsprechenden
Mehrdeutigkeit gibt oder ob es sogar kontextfreie Sprachen gibt, die genau diese Mehrdeutigkeit
erfordern. Hier wird gezeigt, dass sich aus der Angabe einer zykelfreien kontextfreien Gram-
matik bereits die Existenz einer entsprechend mehrdeutigen kontextfreien Sprache ergibt. Dies
vereinfacht zum einen bestehende Beweise, zum anderen ergibt sich bei der Entdeckung neuer
Mehrdeutigkeitsfunktionen für zykelfreie kontextfreie Grammatiken unmittelbar deren Inhärenz.
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2. Definitionen

Sei Σ ein endliches Alphabet, w ∈ Σ∗, Γ ⊆ Σ und n ∈ N. Die Länge von w schreiben wir |w|.
Wir bezeichnen das leere Wort mit ε und definieren Σ≤n := {w ∈ Σ∗ | |w| ≤ n}. Die Projektion

auf Γ ist ein Homomorphismus πΓ vermöge πΓ(a) = a für alle a ∈ Γ und πΓ(a) = ε für alle
a ∈ Σ \ Γ. Wir erweitern πΓ in natürlicher Weise auf Sprachen, also πΓ(L) := {πΓ(w) | w ∈ L}.

Eine kontextfreie Grammatik ist ein Viertupel G = (N,Σ, P, S). Dabei ist N eine endliche
Menge von Nichtterminalen, Σ eine endliche Menge von Terminalen, P ⊆ N × (N ∪ Σ)∗ eine
endliche Menge von Produktionen und S ∈ N ist das Startsymbol. Wir schreiben A → α oder
(A → α) für die Produktion (A,α). Wir bezeichnen A → α ∈ P als ε-Produktion wenn α = ε

ist. Anstatt die von G erzeugte Sprache wie üblich über eine Ableitungsrelation zu definieren,
verwenden wir eine Stringrepräsentation von Ableitungsbäumen, die sich aus deren Traversierung
in der Reihenfolge einer Tiefensuche ergibt. Ein Vorteil dieser Darstellung ist, dass in ihr die
Sprache der Ableitungsbäume einer beliebigen kontextfreien Grammatik eindeutig kontextfreie
ist.

Sei G = (N,Σ, P, S) eine kontextfreie Grammatik. Die Menge TG := N ∪ Σ ∪ P bezeichnen
wir als Baumalphabet von G. Die Menge der partiellen Ableitungsbäume von G wird induktiv
definiert:

(i) Jedes Symbol aus N ∪ Σ ist ein partieller Ableitungsbaum.

(ii) Wenn τ1Aτ2 ein partieller Ableitungsbaum ist, wobei τ1, τ2 ∈ T ∗

G, A ∈ N und p =
(A → γ) ∈ P , dann ist auch τ1pγτ2 ein partieller Ableitungsbaum.

Die Menge der partiellen Ableitungsbäume von G wird mit △p(G) bezeichnet. Sei Xρ für ein
X ∈ TG und ein ρ ∈ T ∗

G ein partieller Ableitungsbaum. Die Wurzel von Xρ ist definiert durch
↑Xρ := A falls X = (A → α) ∈ P für ein α ∈ (N ∪ Σ)∗ und ↑Xρ := X falls X ∈ N ∪ Σ.
Man beachte, dass in letzterem Fall notwendigerweise ρ = ε gilt. Man sieht leicht, dass sich
zwei partielle Ableitungsbäume τ1Aτ2 und ρ mit τ1, τ2 ∈ T ∗

G und A = ↑ρ zu einem partiellen
Ableitungsbaum τ1ρτ2 zusammensetzen lassen. Die Front eines partiellen Ableitungsbaums ρ ist
definiert durch ↓ρ := πN∪Σ(ρ). Man erhält also die Front, indem man die Produktionen aus
ρ löscht. (Die Pfeile für die Wurzel und die Front deuten jeweils in die Richtung, in der man
Wurzel bzw. Front in einer graphischen Darstellung eines Ableitungsbaums findet.) Ein partieller
Ableitungsbaum ρ heißt Ableitungsbaum, wenn ↑ρ = S und ↓ρ ∈ Σ∗, d.h. das Startsymbol ist
die Wurzel von ρ und die Front von ρ enthält nur Terminale. Die Menge der Ableitungsbäume
von G schreiben wir △(G).

Die von G erzeugte Sprache ist L(G) := {w ∈ Σ∗ | ∃ρ ∈ △(G) : w = ↓ρ}. Eine Sprache heißt
kontextfrei, wenn sie von einer kontextfreien Grammatik erzeugt wird.

Die kontextfreie Grammatik G ist zykelfrei, wenn alle partiellen Ableitungsbäume, bei denen
die Wurzel gleich der Front ist, nur einen Knoten besitzen, d.h. ∀ρ ∈ △p(G) : ↑ρ = ↓ρ ⇒ |ρ| = 1.
Die kontextfreie Grammatik G ist in Greibachnormalform, wenn P ⊆ N × ΣN∗. Man beachte,
dass dann △(G) ⊆ (PΣ)∗.

Sei w ∈ Σ∗. Die Mehrdeutigkeit von w ist dG(w) := |{ρ ∈ △(G) | w = ↓ρ}|. Die zugehörige
Abbildung dG : Σ∗ → N heißt charakteristische Mehrdeutigkeitspotenzreihe von G. Die Mehr-

deutigkeitsfunktion von G ist definiert durch d̂G(n) := max{dG(w) | w ∈ Σ≤n} für alle n ∈ N.
Sei f : N → N eine totale Funktion. Eine kontextfreie Sprache L heißt inhärent f -deutig wenn

(i) es eine kontextfreie Grammatik G mit L = L(G) und f = d̂G gibt und

(ii) für jede kontextfreie Grammatik G′ mit L = L(G′) ein k ∈ N existiert so, dass d̂G′(k ·n) ≥
d̂G(n) für alle n ∈ N \ {0}.

Eine Funktion f ist eine inhärente Mehrdeutigkeitsfunktion, wenn es eine inhärent f -deutige
kontextfreie Sprache gibt.
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3. Von Mehrdeutigkeitsfunktionen zur Inhärenz

Aus dem nachfolgenden Theorem ergibt sich unmittelbar, dass die Menge der Mehrdeutigkeits-
funktionen zykelfreier kontextfreier Grammatiken mit der Menge der inhärenten Mehrdeutig-
keitsfunktionen übereinstimmt.

Theorem 1 Für eine beliebige zykelfreie kontextfreien Grammatik G gibt es eine kontextfreie

Sprache L, die inhärent d̂G-deutig ist. L ist konstruierbar.

Der Beweis von Theorem 1 ergibt sich leicht aus dem nachfolgenden Lemma 3. Dieses Lemma
ist einerseits schwächer als Theorem 1, weil es die Greibachnormalform erfordert, andererseits
stärker, weil es eine Aussage über die, im Vergleich zur Mehrdeutigkeitsfunktion feiner auflösen-
de, Mehrdeutigkeitspotenzreihe macht.

Definition 2 Ein Homomorphismus h : Σ∗ → Γ∗ heißt konstant streckend, wenn für alle Sym-

bole a, b ∈ Σ die Beziehung |h(a)| = |h(b)| > 0 gilt.

Lemma 3 Sei G eine kontextfreie Grammatik in Greibachnormalform mit L(G) ⊆ Σ∗ und

{0, 1} ∩ Σ = ∅, dann gibt es eine kontextfreie Sprache L ⊆ (Σ ∪ {0, 1})∗ mit den folgenden

Eigenschaften:

(i) L(G) ⊆ L.

(ii) L(G) = πΣ(L)

(iii) ∃G′ kontextfrei : L = L(G′) und ∀w ∈ (Σ ∪ {0, 1})∗ : dG(πΣ(w)) = dG′(πΣ(w)) ≥ dG′(w).

(iv) ∀G′′ kontextfrei mit L = L(G′′) : ∃h : Σ∗ → (Σ ∪ Γ)∗ konstant streckend: ∀w ∈ Σ∗ :
dG(w) ≤ dG′′(h(w)).

(v) L kann aus G konstruiert werden.

Beweisskizze. Sei G = (N,Σ, P, S). Wir konstruieren die kontextfreie Grammatik G△ =
(N,Σ ∪ P,P△, S) mit P△ := {A → pα | p = (A → α) ∈ P}. Da man allein anhand des
ersten Zeichens der rechten Regelseiten eindeutig die angewendete Regel identifizieren kann ist
G△ eindeutig. Man sieht leicht, dass L(G△) = △(G). Also wird die Menge der Ableitungsbäume
von G durch die eindeutige kontextfreie Grammatik G△ generiert.

Sei k := |P | und j ∈ N mit 1 ≤ j ≤ k. Wir definieren Lj := {0i010i11 . . . 0ik1 | i0, . . . , ik ∈ N ∧

i0 = ij} ∪ {ε}. Diese Sprachen haben k + 1 Blöcke von 0-en, die von 1-en abgeschlossen wer-
den. Wir beginnen die Zählung bei 0. In der Sprache Lj muss der 0-te Block mit dem j-ten
Block übereinstimmen. Man beachte, dass (0q1)k+1 für alle q ∈ N im Schnitt aller Lj liegt. Die
Vereinigung ∪j∈MLj ist für beliebige M ⊆ {1, . . . , k} inhärent |M |-deutig.

Wir substituieren jedes Element aus P durch genau eine Sprache Lj aus unserem System
eindeutiger Sprachen. D.h. wir wählen eine Bijektion δ : P → {1, . . . , k} und definieren damit
eine Substitution σ : (Σ∪P )∗ → 2(Σ∪{0,1})∗ vermöge σ(X) = {X} für X ∈ Σ und σ(X) = Lδ(X)

für X ∈ P . Nun definieren wir die Sprache L := σ(△(G)) und zeigen im folgenden, dass L die
geforderten Eigenschaften besitzt.

Da L(G) = {↓ρ | ρ ∈ △(G)} = πΣ∪N (△(G)) = πΣ∪N (L(G△)) = πΣ(L(G△)), gilt entsteht
L(G) durch Löschung der Elemente aus P in den von G△ erzeugten Wörtern. Da ε ∈ Lj für alle
j ∈ {1, . . . , k} ergibt sich daraus, dass L ⊆ L(G) ist (i). Da bei der Substitution nur Wörter über
{0, 1}∗ für Elemente aus P eingesetzt werden und Σ ∩ {0, 1} = ∅ ist folgt (ii). Für alle p ∈ P

wählen wir eindeutig kontextfreie Grammatiken Gp(Np, {0, 1}, Pp, p) so, dass L(Gp) = Lδ(p),
∀p, p′ ∈ P : Np ∩Np′ = ∅ und Np ∩N = ∅. Wir konstruieren aus diesen Grammatiken und G△

eine kontextfreie Grammatik G′ für L in der kanonischen Weise, also G′ = (N ∪ P ∪ (∪p∈PNp),
Σ∪ {0, 1}, P△ ∪ (∪p∈PPp), S), womit (v) folgt. Man kann zeigen, dass G′ die in (iii) geforderten
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Bedingungen erfüllt. Sei G′′ eine beliebige kontextfreie Grammatik mit L = L(G′′) und sei r die
zu G′′ gehörige Konstante von Ogdens Lemma für kontextfreie Grammatiken [1, Lemma 2.5].
Sei s := r + r!. Wir definieren die Homomorphismen hu, h : (Σ ∪ P )∗ → (Σ ∪ {0, 1})∗ vermöge
h(X) = hu(X) = X für X ∈ Σ und hu(X) = 0r1(0s1)δ(X)−10r1(0s1)k−δ(X) bzw. h(X) =
(0s1)k+1 für X ∈ P . Nach Definition von L gilt hu(△(G)) ⊆ L bzw. h(△(G)) ⊆ L. Sei w ∈ Σ∗

ein beliebiges Wort und Rw := hu(△(G)) ∩ π−1

Σ
(w). Man beachte das es zu jedem Wort v ∈ Rw

einen eindeutig bestimmten Ableitungsbaum ρ ∈ △(G) gibt so, dass v ∈ σ(ρ) ist. Daraus ergibt
sich |Rw| = dG(w). Da G in Greibachnormalform vorliegt folgt, dass Rw ⊆ (Σ(0∗1)k+1)∗ und
h(w) ∈ (Σ(0∗1)k+1)∗. Man kann dies benutzen, um unter Anwendung von Ogdens Lemma zu
zeigen, dass alle Wörter aus Rw zu dem Wort h(w) aufgepumpt werden können. Die Annahme
das die zugehörigen Bäume nicht paarweise verschieden sind führt dann zu einem Widerspruch.
Da h offenbar konstant streckend ist erhält man schließlich auch (iv). 2

Es folgt der Beweis von Theorem 1.

Beweisskizze. Da G zykelfrei ist, ist d̂G wohldefiniert. Man kann zeigen, dass es eine äquivalente
kontextfreie Grammatik G0 in Greibachnormalform mit dG0

= dG gibt. Zu dieser können wir
nach Lemma 3 eine Sprache L mit den dort genannten Eigenschaften konstruieren. Sei G′ eine
kontextfreie Grammatik für L, welche die Bedingung (iii) in Lemma 3 erfüllt. Der Mehrdeu-
tigkeitsgrad eines Wortes ist für den Verlauf der Mehrdeutigkeitsfunktion nur dann ausschlag-
gebend, wenn es kein kürzeres Wort mit mindestens gleicher Mehrdeutigkeit gibt. Somit folgt
aus (iii), dass Wörter, die 0-en und 1-en enthalten, für den Verlauf der Mehrdeutigkeitsfunktion
unerheblich sind. Die übrigen Wörter bilden nach (i) und (ii) aber die Sprache L(G). Damit
ergibt sich wiederum unter Anwendung von (iii), dass d̂G′ = d̂G. Aus Lemma 3(iv) ergibt sich
nun unmittelbar, dass L inhärent d̂G-deutig ist. 2

4. Zusammenfassung

Es wurde gezeigt, dass man zu jeder zykelfreien kontextfreien Grammatik G eine Sprache L

konstruieren kann so, dass L inhärent d̂G-deutig ist. Damit genügt die Angabe einer zykelfrei-
en kontextfreien Grammatik, um die Existenz kontextfreier Sprachen mit der entsprechenden
Mehrdeutigkeit nachzuweisen. Dies vereinfacht und vereinheitlicht solche Existenzbeweise.

Mit Lemma 3 überträgt sich sogar die Struktur der charakteristischen Mehrdeutigkeitspotenz-
reihen inhärent auf L. Durch eine geringfügige Modifikationen von Lemma 3 lassen sich deshalb
die Mehrdeutigkeitsauswirkungen von einigen Grammatikkonstruktionen inhärent auf die kon-
textfreien Sprachen übertragen. Seien G1, G2 und G3 zykelfreie kontextfreie Grammatiken so,
dass G3 durch die kanonischen Konstruktion für die Konkatenation aus G1 und G2 hervorgeht,
dann gibt es kontextfreie Sprachen L1, L2 und L3, so dass L3 = L1L2 und für jedes i ∈ {1, 2, 3}
die Sprache Li inhärent d̂Gi

-deutig ist. Analoges gilt für die Vereinigung.

Es stellen sich die folgenden Fragen:

• Welche Operationen, außer den genannten übertragen noch die Mehrdeutigkeitsauswirkun-
gen von zykelfreien kontextfreien Grammatiken auf kontextfreie Sprachen?

• Wie kann man die Menge der Mehrdeutigkeitsfunktionen charakterisieren?
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Fülöp, Z. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

v.Haeseler, F. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

Holzer, M. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63, 69

Ito, M. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

Jürgensen, C. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

Jürgensen, H. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
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Department of Mathematics, University of Turku
FIN-20014 Turku, Finland
karhumak@cs.utu.fi

Andreas Klein

Fachbereich Mathematik/Informatik, Universität Gesamthochschule Kassel
Heinrich Plett Straße 40 (AVZ), 34132 Kassel
klein@mathematik.uni-kassel.de



Teilnehmerverzeichnis 117

Roman König

Lehrstuhl für Informatik II, Friedrich-Alexander-Universität Erlangen-Nürnberg
Martensstraße 3, 91058 Erlangen
koenig@informatik.uni-erlangen.de

Dietrich Kuske

Department of Mathematics and Computer Science, University of Leicester
University Road, Leicester LE1 7RH, United Kingdom
d.kuske@mcs.le.ac.uk

Martin Kutrib

Institut für Informatik, Universität Gießen
Arndtstraße 2, 35392 Gießen
kutrib@informatik.uni-giessen.de

Jan-Thomas Löwe
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Sand 13, 72076 Tübingen
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