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ABSTRACT

We invest igate the descriptiona l com plexity of some variants of restart ing au tomata whose subvariants
form several ind ep enden t hierar chies . Mainly at th e top and be tween top and bottom of these
hierarchies we are able to show th at one can get non-recursive trade-offs when changing from one
des crip tio nal sys te m (given eit her by som e variant of restarting automaton or some ot her automaton
rela ted to the choms ky hierar chy) to ano the r. In order to ob tai n recur sively bo und ed trade-offs, some
more refine d vari ants of res tart ing a utomata, which ca n be found at the bottom of t hese hierarchies,
are considered .
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1. Introduction

Restarting automata have been introduced in [4] in order to model t he so-called "analysis by
redu ction" , which is a technique used in linguisti cs to analyze sentences of natural languages
th at have free word order. Since then many different variants have been investigated : for
example, det erministic and nondet erministic devices, t hat mayor may not continue to read th e
tape afte r a rewrite ste p, that are allowed to rewr it e the window conte nt or may only delet e
symbols, that may rewrite with aux iliary symbo ls, or that have to meet different monotonicity
conditio ns on the rewrite positions. By imposing several of t hese restrictions on restarting
automata characte rizat ions of well known languages have been found , e. g. for deterministic and
nond eterministic context- free languages [5], for Church-Rosser lan guages [1 , 7], and for regular
languages [6].

While vast numbers of different types of res tart ing auto mata have been studied extensively
from a computat ional capacity point of view' there are only few papers like [3] that focus on
th e descriptional complexity. In t he present work we investigate the quest ion of how succinct ly
a language can be described by one typ e of restar ting automata compared to another (or one of
t he class ic automata models).

2. Preliminar ies

We denote the set of posit ive integers {I , 2, . . .} by tN . For an alphabet A , let A+ be the set of
nonempty words woveI' A . If the empty word A is included, t hen we use the notat ion A * . The
set of words of length ti ~ 0 is denoted by An . If n is an upper bo und for th e length , we write
A~n which is defined to be U~OAi . vVe use <;;;; for inclusions and C if the inclusion is st rict.

I For a comprehensiv e ove rv iew consult [9].
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2.1. R estarting A utomata

Concern ing th e notions and definitions of restarting automat a, we follow the presentation in [8].
Let T be some tape alphabet, and t> and <J the left and right endmarker of the worksp ace, then
the possibl e content s ~Vk of a read-write window of size k ~ 1 are

lVk = ([> T :Sk- l ) U T :Sk U (T :Sk-I <J) U ([>T:Sk- 2 <J) .

Definition 1
A restarting auto mato n (RRW W-a utomaton) is a device M = (5, A ,T, e- , <J, so, k, 0), wh ere 5
is th e fini te se t of intern al states, A is th e finit e se t of input symbols, T is the fini te se t of tap e
sym bols containing A , c- ~ T is th e left and <J ~ T is the right en dm arker of th e workspace,
So E 5 is th e initial state , k E tN is the size of the read-write window, and 0 is th e partial transition

fun ction mapping 5 x W k to th e finit e subsets of (5 x (W kU { M VR })) U{ Restart , Accept} , wh ere 0

satis fies th e con dition, wh enever (q' , VI . .. Vi) E o(q , UI . . . Uj) , UI, . . . , Uj , VI , · .. , Vi E Tu {t> , <J},

then (i) i < i , (ii) Ul = t> if and only if VI = t>, and (iii) Uj = <J if and only if Vi = <J.

The trans it ion fun ction allows four different types of steps. Let M be in sta te 5 with U E Wk

in it s read-write window. A move-right st ep of the form (5', MVR) E 0(5,u) is applicable if
u"# <J. It causes .M to shift the read-write window one position to the right and to enter state
5' E 5 . A rewrite step of the form (5', v) E 0(5,u) , V E W k is applicable if U "# <J. It causes M to
repl ace the content of the read -write window by V, to enter state 5' , and to place the read-write
window immediately to t he right of v . If u (and v ) ends with <J, the read-write window is placed
on <J. A res tart step of the form Restart E 0(5,u) causes M to place the read-write wind ow back
on the left end of the tape such that t> appears as leftmost symbol in the window. An accept
step of t he form Accept E 0(5,u) causes M to halt , and to accept .

Each computat ion of M proceeds in cycles. Starting from an initial configur ation so[>w<J,
t he window moves right until a rest art step takes IvI back into a configuration of the form
so[> w' <J. It is required that in each cycle exact ly one rewrite step is performed . The part of th e
computation that follows th e last restart step is called t he tail of the computation. It contains
at most one rewri te ste p. An input w E A* is accepted by M: if there is a computat ion which
starts with the ini tial configur at ion so[> w <J and ends with an accept step. By LUvI) we denote
the language accepted by M , and by .5fl(RRWW) we denote the family of languages accepted by
RRWW-automata. Simil ar notions are used for other types of acceptors, too.

A restarting automaton is called RWW-automaton if it performs a restart ste p immediately
afte r a rewrite step . An R(R)WW-automat on is an R(R)W-automaton, if the tap e alpha bet
is equal to the input alphabet. It is an R(R)-automaton , if the string v of each rewrite ste p
(s',v) E o(s ,u) is a scat te red subword of u.

A sequence of cycles GI , . . . , Gn , where Gn is the last cycle followed by the tail of th e com­
putat ion, is m onoton e if in each cycle Ci, a rewrite step t ha t changes the tap e inscription from
[>XiUi Yi<J to [>XiVi Yi<J is performed so th at IYII ~ IY21 ~ . . . ~ IYnl. A restarting auto ma ton is
monotone if all of it s com putations are monotone.

A restar tin g automaton is deterministic if for any state s and any string u E W k the set o(s, u)
contains at most one element. We use the prefixes mon - and det- in order to denote monotone
and det erministic auto mata, resp ecti vely.

3. N onrecursive Trade-offs

Over t he pas t ten years many interesting types of restar tin g au to mata have bee n categorized
wit h resp ect to th eir computational capacity. There are quite a few distinct hierar chies at whose
top t here some times is a single typ e of automaton , but somet imes a whole group of t hem. 'While
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many of these hierarchies are set up between some well-known language classes, in the middle
of the hierarchy we often find an incompar ability to known models (an overvi ew is given in [9]) .

For example the family of languages 2'(det-R(R)WW) recognized by deterministic restarting
automata is equal to the class of Church-Rosser languages and strictly includes all famili es of
more restricted deterministic restarting automata. The lower end of this hierarchy st rict ly in­
cludes the top of the deterministic monotone restarting automata hierarchy which coincides with
the family of det erministic context-free languages and is already reach ed by det-mon-R-automata,
so that even det-mon-RRWW-automata turn out to be no more powerful. The language famili es
accepted by monotone restarting automata also form a hierarchy (which also begins with th e
strict inclusion of all det erministic context-free languages) and there are many incomparabil­
ity results for language families of th e deterministic versus lan guage famili es of t he monotone
hierarchy.

In regarding such somewhat distinguishable types of restarting autom ata we normally hope
to find non-recursive trad e-offs and ind eed we ar e abl e to give proof for some of these. Quite
a few of these proofs can be carried out using standard argumentat ion on th e fact that th e
consid ered types of restarting automata can / cannot accept a family of lan guages known as valid
computations of turing machines" bearing the required non-(semi)-decidability properties.

For other proofs more individual witnesses have to be found , e. g. for the Church-Rosser
languages: while valid /invalid computations help proving non-recursive trade-offs to the nonde­
terministic counterparts of det-R(R)WW-automata (which have st rict ly greate r generat ive capac­
ity) , we are also able to show that th ere are non-recursive trad e-offs to th e class of det erministi c
context-free languages which is strictly included.

4 . Recursive Trade-offs

The second goal we pursue is to find pairs of language classes that lie together more closely
from th e descriptional complexity point of view. Therefore we have to find out which sort of
restriction leads to a finer splitting of the existing hierarchies.

One candidate restriction is to follow the idea of Mraz [6], where restarting automata with
bounded window-size are studied. This restriction can be combined arbitraril y with th e afore­
mentioned ones and for small valu es lead s to famili es of languages lyin g at the very bot tom
of each hierarchy, e. g. Mraz showed by effect ive construction that all vari ants of immediat ely
restarting ("one R"-) automata with fixed window size of one charac te rize regular lan guages.

Inspired by this result , we st art our search for recursive trad e-offs at the lower end of all
hierachies by comparing restarting automata to finit e automata.

R efer e nces

[1] Buntrock, G. and Otto, F . Growing con text-sensitive languages and Church-Rosser lan­
guages. Inform. Comput. 141 (1998) , 1-36.

[2] Hartmanis, J. On the su ccin ctness of different representations of languages . SIAM J. Com­
put. 9 (1980), 114-120.

[3] Holzer , M. , Kutrib , 1'1'1., Reimann, J . Descripiional Com plexi ty of Deterministic R estarting
Automata. Proc. DCFS 7 (2005), pp . 158-169.

[4] Jancar , P., Mraz, F ., Platek, M. , and Vogel, J . R estarting aut omata. Fundam entals of
Computation T heory (FCT 1995) , LNCS 965, 1995, pp . 283-292.

[5] J ancar , P., Mraz, F ., Platek, M., and Vogel, J. On m on otonic automata with a restart
operation. J. Autom ., Lang. Comb. 4 (1999), 287-311 .

2In t ro duce d in [2].



52

[6] Mraz, F. Lookahead hierarchies of restarting automata. J. Autom., Lang. Comb. 6 (2001),
493-506.

[7] Niemann, G. and Otto, F . The Church-Rosser languages are the deterministic variants of
the growing context-sensitive languages . Foundations of Software Science and Computation
Structures (FOSSACS 1998), LNCS 1378, 1998, pp. 243-257.

[8] Otto, F. Restarting automata and their relations to the Chomsky hierarchy. Developments
in Language Theory (DLT 2003) , LNCS 2710, 2003, pp. 55-74.

[9] Otto, F. Restarting Automata - Notes for a Course at the 3rd International PhD School
in Formal Languages and Applications . Mathematische Schriften Kassel 6/04, Universitat
Kassel, Germany, 2004.



Reachability in Petri nets with Inhibitor arcs, Priority Multicounter
Automata and First order Logic with monotone transitive closure

KLAUS REINHARDT

Wilhelm-Schickhard Institut fur Informatik, Universitiit Tiibinqen
Sand 13, 72076 Tiibinqen, Germany

e-mail: reinhard@informatik.uni-tuebingen.de

ABSTRACT

In this paper we summarize the decidability result in Chapter 5 in [ReiD5] where we generalize
Presburger arithmetics by adding a monotone transitive closure in a way su ch that this allows to
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1. Introduction

That the reachability problem is decidable for Petri nets without inhibitor arcs, was proven in
[May84], and later in [Kos84] and [Lam92]. On the other hand, the reachability problem is
undecidable for Petri nets with two inhibitor arcs . This follows from [Min71]. The problem,
whether the reachability problem is decidable for Petri nets with one inhibitor arc, was first
brought up in [KLM89].
An important method is the use of semilinear sets which are defined using the operators +,
*, U over finite sets of vectors (multisets) . Semilinear sets are the solutions of Presburger
formula, where Presburger arithmetic is the first order logic over the natural numbers and the
addition operator. Presburger arithmetic is decidable, and semilinear sets are closed under n
and complement [GS65],[ES69] .
However, the reachability relation for a Petri net is, in general, not semilinear. For that reason ,
the basic idea of this paper is to replace + and * by the suitable operators 0Q and *Q' Using
these operators, we will then be able to express a reachability relation as the sequence of relations .
This is much like the transitive closure used in [Imm87] to characterize NL with first order logic.
However, applying the transitive closure operation to Presburger arithmetic, immediately leads
to undecidable problems. For this reason, the important principle of monotonicity in the reach­
ability relation of Petri nets is used to restrict the idea of the transitive closure. In other words,
the operator *Q is a monotone transitive closure and we consider the followin g three ste ps:

1. One application of *Q already allows us to express the reachability problem in a Petri net
without inhibitor arcs .

2. A second application of *Q (containing the first one in a nested way) allows us to express
the reachability problem in a Petri net with one inhibitor arc.

3. Ar bitrary nested applications of *Q allow us to express the reachabili ty problem in a Petri
net for which there exists an ordering of the places such that a place has an inhibitor arc
to all those transitions which have an inhibitor arc from a preceding place.



1 A bi nary Q is un ambigu ou s if Q- l is inj ect ive .

{(:),m} O {(b" ~)) {(D,(:),m} ~ {(:),G),m}
or

{(:),m}o{(b,,,,)) { (D,(:),m}~ {C~). (~)}
T he lat ter example shows that the dim ension is necessarily redu ced (b3 is used up on both sides)
if 7T' ](Q) n 7T'2 (Q) is not empty. If 7T'1 (Q) and 7T'2( Q) are disjoint, we define IdQ := {{a I---t 1, b f-t

I } I (a, b) E Q}* which is the neutral element for 0Q ' Obviously, it holds N 00M = N + M which
makes + with th e neutral element Id0 = {0} a spec ial case of th e 0Q operator.
Furthermore, for Q with 7T'](Q) and 7T'2(Q) disjoint, we define * Q(M) as th e closure of M U IdQ

under 0Q and th e ad di t ion 00' In ot her words, *~(M) := IdQ, * ;;] (M) := *~(M) oQ CM +
IdQ) and * Q(M) := Ui *~(M) . Again , * 0(M) = M * is a spec ial case .

K. R einhardt

2.1. N ew operator on multisets

For an un ambiguous I and injective bin ary relation Q, we define the operator 0Q on two sets of
Multisets M and N as

N OQM := { n 11l"j (Q) +m 11I"2(Q) In E N , m E M ,V(a, b) E Q n(a) = m(b) } .

This means if n and m "match" according to Q, then th e valu es for an a E 7T'] (Q) = {al (a, b) E Q}
in n and the valu es for a bE 7T'2(Q) = {bl(a,b) E Q} in m are "used up against each ot her" and
the rest is added. For example,

2. The Formalism for the result

54

For the sake of a flexibl e description, we use multi-sets inst ead of vectors. A multi-set over B
is a function in NB . We might write a multiset f E NB as a set {b I---t f(b) I b E B} , as a

(

f (bl
) )

bl b2 bn f (b2 )
table [ f (bl )' f (b2) , . .. , f( bn) ] or as an n-ary vector :' For the lat ter , we have to assume

f (bn )

an order ing on B = {bl , bs , ... , bn } (without relevanc e to the conte nts) , and in th e first two
descriptions, we only need to write those b's with f(b) > O. Although we do not a priori limit
t he size of B , we only use mul tisets for a finite B in this pap er . For multiset s, we use the vari ables
C , d , e , f , g , h , m , n , r , s , x , y , and for sets of multisets , we use th e capitals E , L , M , N , R and Id
(the latter will denote th e identity for the operator 0Q to be defined
For A S;;; B , we regard fun ctions in NA S;;; NB as extended to zero for undefined values. This
allows us to add any two multisets f E NA and g E NB and obtain a multiset in (f + g) E NAUB

with (f + g)(x) = f( x ) + g(x) in the same way as we would add the corres ponding vectors
ass uming an ordering on AU B. The neutral element for addit ion is 0 with 0(x) = a for all x.
It holds NA n NB = NA n B . We define sgn(f) := {a I f (a) > a} and sgn(M):= U sgn( f).

f EM

The restriction f IA of a multi-set f E NB to A is f IA (b) := f(b) if bE A else f IA (b) := O. This
mean s f IA: = {b I---t f (b) I b E A}. The complement operator is f 1;(= {b I---t f (b) I b tj. A} , thus
f = fl A +fl jf'
For a finite set M {mj , ... , m d S;;; NA of mul ti-sets,
M * := {aim] + ... + akmkl Vi ~ k ai E N} is the set of all linear combinat ions genera ted by
M . Mor e generally, by M O:= {0} and M i+l := M i + M, we can define M* := Ui M i .
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The main result in Ch apter 5 in [Re i05] can be formulated as follows:

55

Theorem 1 Th e following problem is decidable: Giv en : A n expression consistin g of fini te sets
of multise ts and the operators U, 0Q and * Q (thus also n, + and *). Question: Is the denoted
set of multisets empty?

Open Problem: Is this decision problem primit ive recursive?

3. Logic

Presburger formula are first orde r formula with the additional predi cate PLUS (x , y , z) , which is
equivalent to x + Y = z, over the universe N. Their theory is decidabl e [Pre29]. It is shown in
[Sch04] th at Presburger arithmetic is closed under unary counting quantifiers. Such a quantifier
-:::,= x1J(y ) is true if th e number of valu es y for which 1J(y ) is true is equal to x.

Now th e questi on is the following: Which operato r can be added to FO with PLUS to obtain
something st ronger th an Presburger ar it hmetic, but st ill keeping the theory decidable? T C as
used in [Imm87] would already be too strong and make the problem undecidabl e. The operato r
*Q in th e last Section corresponds to the m onoton e transit iv e closure mTC defined as follows:
Given a formul a 1J(X I, ... , Xk, x~, ..., x~), then mTC( 1J) denotes the smallest set S C N2k contain­
ing all of the following:

• (X l , ..., Xk, Xl, ..., Xk) for (X l , ..., Xk) E Nk (this stands for t he identity) ,

( "") f ( I I ) E S d ,.l.. ( I '" " ) V• XI , .. ·, Xk, xI " " ,xk or XI , ..·,Xk,XI, ,,,,xk an <f/x I" ",xk,xI , ,,,,xk
( I I" " ) E S dx I " ",xk,xI,,, ,, x k , an

( " + " I + .II I + ") f ( I I ) S d ( " ") R.l k• XI +X I , ,,,,Xk x k,xI x1"",xk x k ora XI , ... ,Xk,XI" ",xk E an x I "" ,xk E l'l .

Since we have no const ruct ion available to describe the complement of a mTC (1J) formula withou t
using the negation (as this is the case for a FO +PLUS-formula according to [Pre29J), we can
only conclude from Theorem 1 the following:

Corollary 2 Th e emptiness and satisfiability is decidable f or formulas with an FO+PLUS­
formula in side and 1\, V, -:::, and mTC operators outside.

4 . T he reach ability r e la tion for Petri nets

An inhibitor arc from a place to a transition means that the tran sition can only fire if no token
is on that place. We describe such a Petri net as the 6-tuple (P , T , W, I, rn a, m e) with the places
P , the transitions T , the weight fun ction VV E N PX TUT XP , the inhibitor arcs I ~ P x T an d ,
th e start and end markings rna , m e E NP .

A trans ition t E T can fire from a marking m E .N P to a marking m ' E .N P , denoted by m [t )m'
if

m - W( ., t) = m ' - W (t ,.) E NP and Vp E P (p, t ) E I ~ m (p) = O.

A firing sequence w = tl ...t n E T * can fire from rn a to rn., , denoted by m O[lv)mn , if th ere exist
interm ediate markings ml , ...m n-l with m o[tl )mdt2) .. .[tn)mn.
The reachability problem for a Petri net (P, T , W , I , rna, m e) is to decide, whether there exists a
w E T * with m o[w )m e .

Let P + := {p+ I pEP} and P - := {p - I p EP} be copies of t he places and P := { (p+, p- ) I
p EP} . For any multiset , m we define the corresponding copies m " := {p - I----t m (p) I p EP}
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and m " := {p+ I---' m(p) IpEP}. Then, we can define the reachability relation for a transition
t with out an inhibitor ar c as

R(t ) := I-: + m'+! m[t)m'}

= { r E NP +up-1 Vp E P r(p-) - W(p, t) = r(p+) - W(t,p) EN}

and the reachability relation for a set of transitions T as R(T) := U R(t).
tET

The important property of monotonicity mean s that whenever m[w)m' , then also (m +
n )[w)(m' + n) for any n E NP . This corresponds to adding Id e := I d p and R(t) can be
writ te n as t he linear set R(t) = Ct + Idj- using Ct with Ct(p-) = W(p, t) and Ct(P+) = W(t ,p)
for all p EP. The reachability relation for the concatenat ion of two firing sequences is described
by the operator 0 p := 0 p and the iteration is done by *p := *p. We define the reachability
relation of the petri net N without an inhibitor arc as R(N) := R(T*) := *p(R(T)) . The
reachability problem without an inhibitor arc formulates as (mo+ m:-) E R(N).
In R 2 = R(N) n {r E NP -,P+ I r(Pl) = r(pt) = O} , we restrict to those firing sequences
st art ing and ending with markings without tokens on Pl . The alternative of using an additional
t ransit ion i having an inhibitor arc from PI is added in R 3 = R 2 U R(i) and R 4 = *P\{pI} (R3 )

iterates these parts.
Cont inuing in this way allows us to express the reachability problem in a Petri net for which
there exists an ordering of the places such that a place has an inhibitor arc to all those transitions
which have an inhibitor arc from a preceding place:

Theorem 3 In a P etri-net (P, T , W , I, mn, me) with

3g E N~ Vp, p' E P g(p) ::; g(p') --> (Vt E T (p' ,t) E 1--> (p,t) E 1),

we can construct an expres sio n Tg su ch that there is a firing sequence w E T* with mo[w)me if
an d only if R(Tg) is (= {0} and) not empty.

With Theorem 1 we derive the following:

Corollary 4 Th e reachability problem for a P etri net (P, T , W , I, mo , m e) with

3g E N~ Vp, p' E P g(p) ::; g (p') --> (Vt E T (p', t ) E 1--> (p ,t) E 1),

is decidable.

5 . Priority-multicounter-automata

We define a priority-multicounter-automaton by a restrictive zero-test according to an order of
the counte rs in th e followin g way: the first counter can be tested for zero at any time; the second
counte r can only be tested for zero simultaneously with th e first counter; any further counter
ca n only be tested for zero simultaneously with all preceding counte rs. Formally, this reads as
follows:
A priority -m ultic ounter-auto maton is a one-way automaton described by th e 6-tuple

A = (k, Z , l'" <5, zo, E )

with t he set of state s Z , the input alphabet l'" the trans it ion relati on

<5 S;;; (Z x (l', U {A}) x {O .. . k}) x (Z x {-l ,O,l}k ),

ini tial state zo, t he acce pt ing states E S;;; Z , the set of configurat ions CA = Z X l',* X Nk , the
initi al configurat ion O'A(X) = (zo, x, 0, ' 00 , 0) and configurat ion tran sition relation

"'-v--'
k

(z,ax,nl , oo., nk) Gr (z' ,x, n l + i l , oo ., nk +ik)
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if and only if z , z' E Z,a E ~U{A} ,((z,a,j) , ( z' ,il, ...ik) ) E 6, Vi 5,j ti, = O.
The language recognized by an priority-multicounter-automaton A is L(A) = {w I :3ze E

E :3nl , ..., nk E N (za, w, 0, '00 ,0) f1- (ze, A,nl , ..., nk )' A priority-multicounter-automaton can
be changed in such a way that it has only one accepting state Ze and that all counters are empty
whil e accepting; in that case L(A) = {w I (za,w,O, oo ., O) f1- (Ze , A,O, oo .,O)}.
The fam ily of languages over a k-letter alphabet accepted by priority-multicounte r-autom ata
with n counters of which at most j can be tested for zero in the restricted way defin ed above is
denoted by P~CA (j) .
Using Theorem 3, we show that the empt iness problem of the accepte d langu age is decidable
for priority-mult icounter-automata. The same holds for the halting problem by const ruc t ing an
automaton wh ich contains its input in the states.

Theorem 5 The emptiness problem for priority-multicounter-automata is decidable.

Proof. Given A we construct a Petri net (P,T, W,I,ma ,ml) with the places P:= {l.. .k} U Z ,
the transitions T = 6, the weights W with
W( z, ((z', a,j), (z", V))) := 1 if z = z' else := 0;
W((( z' , a, j) , (z", V)), z ) := 1 if z = z" else := 0;
W(i, ((z', a,j), (z" ,V))) := 1 if V(i) = -1 else := 0; and
W((( z' , a, j), (z" ,V)), i) := 1 if V(i) = 1 else := 0;
the inhibitor arcs 1 := {(i,(( z' ,a,j) ,(z" ,V))) Ii 5, j} , the start marking m a := {za I-t I}, and
the end marking rnj := {ze I-t I} which is reachable from rna if and only if L(A) =I- 0. According
to Corollary 4 with g(i) = i for i 5, k and g (z) = k + 1 for z E Z , this is decidable. 0

R emark 1 The classes P~CA (j) (and also t heir unions) are incomparable to the class L1 N
of linear lan gu ages and their hie rarchy is real. Furthermore, {(anb)ffi I n ,m EN} canno t be
accepted by a priority-multicounter-automaton .

6 . R estricted Priority- Multipushd own- Automata

We define a priority-multipushdown-automaton by a different treatment of on e of the two pu sh­
down symbols according to an order of the pushdown stores in the following way: let the
pushdown alphabe t be {O, I}. A 0 can be pushed to and popped from every pushdown store
independent ly, but a 1 can on ly be pushed to or popped from a pushdown store if all pushdown
stores wit h a lower order are empty. Furthermore, the restriction requires that if a 1 is popped
from a pushdown store, then a 1 cannot be pushed anymore to this store unti l it is empty.

Theorem 6 The emptiness problem for restricted priority-multipushdown-automata is decid­
able.

This generalizes t he resu lt in [JKLP90] that L1N%D~* (the class of langu ages generated by
linear grammar and deletion of semi Dyck words) is rec ursive. We conjecture that decidability
sti ll ho lds in the unrestricted case but, even in the sp ecial case of a pu shdown automaton with
additional weak counters (without zero-test) , this is still an op en problem .
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In der vorliegende n Arbeit wird folgcndes Aquivalenzproblem un tersucht :

lst es entsclJeid bar, ob zwei syn clJrone, deterministisclJe, kont extfreie Ketten-Code-B ild­
Systeme die gleichen Bildsprachen erzeugen?

1. Einleitung

Ketten-Cod e-Bild-Sprachen sind ein grammatikalischer An satz zur Beschreibung von Bildern
(Strichgra phiken). Sie basieren auf der Erzeugung von W 6rtern tibe r einem speziellen Alphabet
und der Interpretation dieser Wor ter als Bilder. Sie konnen als eine form ale Beschreibung der
Arbeit sweise gewisser Plotter aufgefasst werde n .

Ketten-Cod e-Bild-Sprachen wurden von H. F REEMAN einge fuhrt [Fre61]. Bei Ket ten-Codes
entsteht ein Bild durch eine Folge von Zeichenb ewegungen , die durch Symbole reprasent ier t
sind . Ein Wort beschr eib t ein Bild , das durch Nacheinan derausfuhrung der Zeichenschritte sei­
ner Buchst ab en ents teht. FR EEMAN benutzt ein achte lement iges Alphabet {O, . . . , 7} , dessen
Elemente ents prechend folgender Skizze int erpretiert werde n :

Das recht e Bild wird beispi elsweise durch das
Wort 701240343726154 5046701 beschrieben:
(Zum N achzeichnen beginn e m an am Kreis.)

In den 80er Jahren wurden Ketten-Cocle-Bilcl-Sprachen untersu cht , bei denen die zugru n­
de liegend en Wortsprachen zur CHO MSKY-Hierarchie geho ren . Bei den biologisch motiviert en
LINDENMAYER-Systemen wird eine Vari an te de l' Ket ten-Cod es verwendet , d ie auf del' Schild­
kr6tengeometrie basier t. Dab ei werden nur die vier Richtungen 0, 2, 4, G betrachtet, fill' d ie die
Bu chst aben r , u, l , d (right, up, left , down) geschrieben werde n .

Kontextfreie LINDENMAYER-Systeme werden in folgende Klassen eingeteilt: DOL (determi ­
nisti sches Ersetzen von Bu chst ab en ), OL (nicht dete rminist isches Ersetzen von Bu chstaben),
DTOL (nichtdet erministisches Auswahlen eine r Er setzungstab elle, nach del' determ inistisch er­
setz t wird) und TOL (nichtdete rministisches Auswahlen einer Ersetzungstabelle, nach del' nicht­
de terminist isch ersetz t wird ).

In diesel' Arbeit werden spez ielle DOL-Systeme, die synchronen DOL-Systeme (sDOL-Systeme)
betrachtet .
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2. Grundlagen

In diesem Absehnitt werden die benotigt en Begriffe zusammengeste llt . Fiir eine det aillier tere
Einfiihrung sei auf [T 05] (oder aueh [T04]) verwiesen .

Die Bu ehstab en r , u , ( und a werden im Folgenden in dieser anderen Sehriftart dargestellt,
um Verweehslungen mit Vari abl en zu vermeiden . Die Menge dieser Bu ehst ab en (das Alph ab et)
wird mit A bezeiehn et: A = {r , u , i , a }. Die Worter tiber diesem Alphabet lassen sieh als
Ab bilclungen auf dem Z2 ansehen. Dabei ordnet jede der vier Riehtungen einem Punkt q E Z 2

seinen entspreehenden Naehbarn x (q) = q + t1 ~ zu , wobei t1 , = (1,0), t1{ = -(1,0) , t1 u = (0,1)
und t1 tf = - (0,1 ) gelte n . Dem Leerwort A ents prieht die identisehe Abbildung. Ein zusammen­
gesetztes Wort vw E A* sy mbolisiert die verkettet e Abbildung v o w:

V OW : Z2 -t Z2 mit q f-t w(v(q)) .

Wenn w = WI ... W n ein aus Bu ehstaben WI, . . . , W n zusammengesetztes Wort ist, so bezeiehne
~ das Teilwort bis zum i-te n Bu ehstaben: ~ = WI .. . uu, Werden die Buehstaben als Zeiehenb e­
fehle aufgefass t, so sind Wi::irter Befehlsfolgen . Dureh Abarbeiten solcher Befehlsfolgen entstehen
Bild er. Diese Bilder sind Polygon zuge, bei denen die Eeken Punkte des Z2 sind und die Kanten
aehsenparallel verlaufen . Die Polygon ztige werden dureh Gittergraphen besehrieben . Ein Git­
te rgraph ist ein Gr aph , bei dem die Knotenmenge eine Teilmenge von Z2 ist und jede Kante
zwei hen aehbarte Knoten q, x (q) mit q E Z 2 und x E A verbindet . Er enthalt auI3erclem zwei
ausgezeichnete Punkte, und zwar einen Anfan gs- und einen Endknoten.

Es seien a E Z2 ein Punkt (Anfangs punkt ) und w = WI ' .. W n ein Wort tiber dem Alph ab et
A . Die Kn otenmenge 0 °(w) zu w beztiglieh a sei die Menge aller "angelaufenen" Punkte:

0 °(w) = {~(a) Ii = 0 , .. . n } .

Das Bild zu einem Wort w beginnend in einem Punkt a wird dureh

pO(w) = (0 °(w); a, w(a); { (Wi=1( a),~(a)), (~ ( a), Wi=1(a)) Ii = 0 , . . . , n} )

besehrieben . In dem Bild zu einem Wort llVW ist pU (o)(v) ein Teilbild (aueh Unterbild genan nt).
Da jedes Wort eine endliehe Lan ge hat, liegt das entspreehende Bild in einem beschrank ten

Reehteek, der Bildflache D O
( w).

Wenn nieht s an deres angege ben wird , liegt der Anfan gspunkt im Nullpunkt : a = o. Der obe re
Index an den Funktionsn am en wird dann weggelassen.

Die er weite rte Vereinigung s:P ~ ~ zweier Reehteeke s:P und ~ sei das kleinste Reeht eek, das
die Vereinigung s:P U ~ enthalt . Mit A sei die Menge aller end liehen und niehtleeren Teilmengen
von Wi::ir tern tiber dem Alphabet A bezeiehnet .

Es seicn 1\" J.L zwei naturliche Zahl en , 1\" J.L E N}". Ein Endomorphismus h auf dem Halbrin g
(A, U, ') heiI3t ( 1\" IL)-Endomorphismus, falls fiir alle x E A folgendes erfullt ist : Wenn x' E h({ x })
ist , so gilt

1. :1:' ( 0 ) = 1\,11,r un d

2. D(x') <; 1\, [0, tJ,r] ~ IL [tJ ~l- , t1~l-].

Das Anwenden von h auf eine Wortmenge vV wird Abl eiten genannt. Die erste Synehronisa­
t ionsbedingung gibt an, wo die Bild-Endpunkte der ers ten Ableitungen des Alphabets liegen ;
die zweite Bedingun g bewirkt, dass .das Bild zu jeder Ableitung von x E A in einem gewissen
Reehteek liegt . Oer P arameter I\, gibt eine Lan genanderung beim Ableit en an; im Falle I\, = 0
heifit der Endomorphismus Ian genkontrahi erend , im Falle I\, = 1 liingenkonst ant und im Falle
I\, > 1 liingenexpandierend. Der P aram eter J.L ist eine obere Sehr ank e fur die Breitenan deru ng
bcirn Ab leitcn .
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Ein synchrones, deterministisches, kontextfreies Ketten-Code-Bild-System (genannt sDOL­
System) ist ein Tripel G = (A,h ,w) mit dem Alphabet A = {r ,r,u ,i}, einem nichtleeren
St artwort (Axiom) w E A+ und einem (1'1':, JL)-Endomorphismu s h, der jede einelement ige Men­
ge auf eine einelement ige Menge abbildet (h({ x }) = { x' }). Die Mengenzeichen werd en dann
weggelassen .

Mit ti" sei die n-stellige Verknlipfung von h bezeichnet . Die jeweils ers te Abl eitung eines
Buchst abens heiflt atomare Abl eitung. Die von einem sDOL-Syst em G erzeugte Bildsprache Be
ist die Menge aller Bilder von Abl eitungen des Axioms w:

Be = {p(w) 1 w = hn(w),n E NY' } .

Ein sDOL-System heifit langenkontrahi erend, lan genkonstant oder lan genexpan dierend , wenn
sein Endomorphismus diese Eigenschaft hat.

3. Aquivalenz von sDOL-Systemen

Es seien G1 = (A , hI ,WI) und G2 = (A ,ba,W2 ) zwei sDOL-Syst eme. Dab ei seien hI und h2 ein
(/''1, JLI)- bzw . ein (1'1':2, JL2)-Endomorphismus; die erzeugten Bildsprachen seien B 1 bzw. B2 ·

In [T05] wurde gezeigt, dass es entscheidbat ist , ob die erzeugte Bildsprache endlich ist oder
nicht und dass die Bildsprache eines lan genkontrahierenden sDOL-Systems hochstens vier Ele­
ment e enthalt .

Es sei zunachst G1 Iangenkontrahierend . Wenn die Bildsprache B 2 endlich ist , so ent ha lt sie
hochst ens vier Bilder und es kann entschieden werden , ob B 1 und B 2 iibereinstirnmen oder nicht .
Ist B 2 unendlich, so stimmen die Bildsprachen B 1 und B 2 nicht uberein .

Es seien nun das System G1 langenkonstant oder -exp andierend (1'1':1 ~ 1) und G2 lan genex­
pandierend (1'1':2 > 1). Aufgrund der erste n Syn chronisationsbedingung liegt zu jedem Bild-Punkt
p eines Wortes w das x-fache von p in der Kn ot enmenge der Abl eitung von w :

P E 8 (w) =? I'I':p E 8 (w') .

Folglich gilt 8 (w) <; ~ 0 (Wi), wobei ~M <; lRJe die Menge aller Punkte ~P mit P E 9J1 ist . Fur
das System G, (i = 1,2) gelten daher die folgenden Ungleichungen :

1 (' 1 (" 1 (( n))8 (Wi) <; - 8 wi) <; 2' 8 wi ) < ... < n 8 wi <; . ..
l'I':i l'I': i l'I':i

Die Inklusionen sind jeweils echt , falls das betreffende System langenexpandierend ist.
Des Weiteren gelte B 1 = B 2. Insbesondere ist damit auch p(wI) E B 2. Dann gibt es eine

Ableitungsstufe i, so dass die Bilder zu WI und der i-ten Ableitung von W2 ubereinstimrnen :
p(wI) = p(w~i)). Wegen (3.1) gilt fiir j E NY'

Wenn 1'1':2 > 1 gilt , dann sind die ersten Inklusionen echt ; bei 1'1': 1 > 1 die letzt en. Da mindestcns
einer der beiden Ii-Werte grof3er als Eins ist , gilt

fiir j E N. Damit ist die Knotenmenge 8(W2) zu W2 kleiner als die Kn ot enmenge 8 (w ~j ) ) zu einer

j-ten Ableitung von WI: 18 (W2)I < 18 (w~j)) 1 fur j > O. Damit st immen auch die entsprechenden

Bilder nicht ub erein: P(W2) ¥ p(w ~j ) ) fiir j > O. Da clie Bildsprachen aber ubereinstirnmen , gilt
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p(W2) = p(W]) . Das Bild zu W2 ist das gleiche wie zu WI; es ist jedoch von allen Bildern zu
Ab leitungen von w] vers chieden . Ebenso lasst sich zeigen, dass das Bild von w] mit dem Bild
von W2 ab er keinem ande ren Bild aus der Sprache B2 tib ereinstimmt.

Auf analoge Weise erhalt man , dass die Bild er ableit ungsstufenweise tibereinstimmen . Wenn
die Bildsprachen tib ereinstimmen , dann stimmen also auch die Bildfolgen

F] = (p(wd, p(wD, p(wn , .. .), F2 = (p(W2),p(W;),p(w~) , . .. )

tib erein. Wenn die Bildfolgen ub ereinstimrnen , dann nattirlich auch die Bildsprachen .
Es gelte t;;] < t;;2. Dann nimmt die Bildgrofe bei G2 schneller zu als bei G] . Folglich sind in

diesem Falle die Bildsprachen verschieden.
Es seien nun G] und G2 zwei lan genexpandierende sDOL-Systeme mit t;;] = t;;2 . Wenn die

beid en Bild sprachen unterschiedlich sind , dann sind auch die Bildfolgen verschieden. Da bis zur
zweiten Abl eitungsstufe alle Buchstaben vorli egen, die tib erhaupt erzeugt werden ([T05, Lemma
1.23]), kommen in der dritten Abl eitung des Axioms alle tib erhaupt auftretenden atomaren Ab­
leitungen als Teilworter vor. Stimmen die Bilder der vierten Ab leitungen auch noch iiberein ,
dann sind die neu ents tande nen Teilbilder au ch Unterbilder des jeweils anderen Bild es. Da sie
aber bereits als Unt erbilder (an anderer Stelle) in Bildern frti herer Ablei tungen auftreten und
keinen Unterschied hervorgerufen haben , tun sie es jet zt auch nicht und somit auch spater nicht.

Foiglich stimmen die Bildsprachen zweier langenexpandierender sDOL-Systeme mit gleichem
x-Par ameter genau dann tib erein, wenn die Bildfolgen bis zur vierten Ableitungsstufe uberein­
st imme n.

Nun seien G ] und G2 zwei lan genkonstante sDOL-Systeme. In diesem Falle konnen auch bei
unterschiedli chen Bildfolgen gleiche Bildsprach en vorliegen. In [T05] wurde gezeigt, dass und wie
man entsche ide n kann , ob ein Ian genkonstantes sDOL-System eine endliche Bildsprache erzeugt
ode r nicht . Wenn die Bild sprache endlich ist , so ent halt sie hochstens drei Bilder ([T 05]). Erzeu­
gen zwei lan genkonstan te sDOL-Systeme jeweils eine endliche Bildsprache, so ist die Aquivalenz
entsche idbar. Es sind hochsten s drei Bild er mi t dr ei anderen zu vergleichen. 1st eine Bild sprache
endlich , die ande re abe r nicht , so st immen sie nicht iiberein.

Es bleib t zu untersu chen , ob und, wenn ja, wie man entsche ide n kann , ob zwei lan genkonst ante
sDOL-Systeme mi t un endlichen Bildsprachen aquivalent sind od er nicht .

4. Zusammenfassung

Es seien G] und G2 zwei sDOL-Systeme mit den Param et ern t;;] bzw. t;;2 . AuBerdem gelt e t;;] :s t;;2 .
Im vorherigen Abschnitt wurde fiir folgende F alle die Entscheidbarkeit der Aquivalenz nachge­
wiesen : t;;] = 0 und t;;2 beliebig, t;; ] :::: 1 und t;;2 > t;;] sowie t;;] > 1 und t;;2 = t;;].

Der Fall t;; ] = t;;2 = 1 ist noch zu untersu chen.
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