


On the Descriptional Complexity of Restarting Automata
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ABSTRACT

We investigate the descriptional complexity of some variants of restarting automata whose subvariants
form several independent hierarchies. Mainly at the top and between top and bottom of these
hierarchies we are able to show that one can get non-recursive trade-offs when changing from one
descriptional system (given either by some variant of restarting automaton or some other automaton
related to the ch

more refined var

are considered.
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1. Introduction

Restarting automata have been introduced in [4] in order to model the so-called “analysis by
reduction” , which is a technique used in linguistics to analyze sentences of natural languages
that have free word order. Since then many different variants have been investigated: for
example, deterministic and nondeterministic devices, that may or may not continue to read the
tape after a rewrite step, that are allowed to rewrite the window content or may only delete
symbols, that may rewrite with auxiliary symbols, or that have to meet different monotonicity
conditions on the rewrite positions. By imposing several of these restrictions on restarting
automata characterizations of well known languages have been found, e. g. for deterministic and
nondeterministic context-free languages [5], for Church-Rosser languages [1. 7] and for regular
languages [6].

While vast numbers of different types of restarting automata have been studied extensively
from a computational capacity point of view! there are only few papers like [3] that focus on
the descriptional complexity. In the present work we investigate the question of how succinctly
a language can be described by one type of restarting automata compared to another (or one of
the classic automata models).

2. Preliminaries

We denote the set of positive integers {1,2....} by N. For an alphabet A let A" be the set of
nonempty words w over A. If the empty word A is included, then we use the notation A*. The
set of words of length n > 0 is denoted by A™ If n is an upper bound for the length, we write
AS™ which is defined to be |J;.; A* We use C for inclusions and C if the inclusion is strict.

'For a comprehensive overview consult [9].
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2.1. Restarting Automata

Concerning the notions and definitions of restarting automata, we follow the presentation in [8].
Let T be some tape alphabet, and > and < the left and right endmarker of the workspace, then
the possible contents Wy, of a read-write window of size k > 1 are

W, = (T* " uT=* U (T ') U (T=F24).

Definition 1

A restarting automaton (RRWW-automaton) is a device M = (S, A, T, >, <, so, k, ), where S
is the finite set of internal states, A is the finite set of input symbols, T is the finite set of tape
symbols containing A, > ¢ T is the left and < ¢ T is the right endmarker of the workspace,
so € S is the initial state, k € N is the size of the read-write window, and J is the partial transition

function mapping S X Wy, to the finite subsets of (S X (WkU{MVR})) U{Restart, Accept}, where §

satisfies the condition, whenever (¢',vy - -+ v;) € 6(q,uq - -~ u5), u1,...,uj,01,...,v; € TU{>, <},
then (i) i < j, (ii) w1 = > if and only if vi = 1>, and (iii) u; = < if and only if v; = <.

The transition function allows four different types of steps. Let M be in state s with u € Wy,
in its read-write window. A move-right step of the form (s, MVR) € §(s,u) is applicable if
u # <. It causes M to shift the read-write window one position to the right and to enter state
s' € 5. A rewrite step of the form (s',v) € (s, u), v € Wy is applicable if u # <. It causes M to
replace the content of the read-write window by v, to enter state s’, and to place the read-write
window immediately to the right of v. If u (and v) ends with <, the read-write window is placed
on <. A restart step of the form Restart € §(s,u) causes M to place the read-write window back
on the left end of the tape such that > appears as leftmost symbol in the window. An accept
step of the form Accept € §(s,u) causes M to halt, and to accept.

Each computation of M proceeds in cycles. Starting from an initial configuration so>w<,
the window moves right until a restart step takes M back into a configuration of the form
sol>w’<. It is required that in each cycle ezactly one rewrite step is performed. The part of the
computation that follows the last restart step is called the tail of the computation. It contains
at most one rewrite step. An input w € A* is accepted by M, if there is a computation which
starts with the initial configuration spi>w<l and ends with an accept step. By L(M) we denote
the language accepted by M, and by Z(RRWW) we denote the family of languages accepted by
RRWW-automata. Similar notions are used for other types of acceptors, too.

A restarting automaton is called RWW-automaton if it performs a restart step immediately
after a rewrite step. An R(R)WW-automaton is an R(R)W-automaton, if the tape alphabet
is equal to the input alphabet. It is an R(R)-automaton, if the string v of each rewrite step
(s',v) € §(s,u) is a scattered subword of w.

A sequence of cycles Cy,...,C,, where C, is the last cycle followed by the tail of the com-
putation, is monotone if in each cycle Cj, a rewrite step that changes the tape inscription from
>xjuyi< to Dzviy; < is performed so that |yi| > |y2| > -+ > |yn|. A restarting automaton is
monotone if all of its computations are monotone.

A restarting automaton is deterministic if for any state s and any string u € Wy, the set 6(s, u)
contains at most one element. We use the prefixes mon- and det- in order to denote monotone
and deterministic automata, respectively.

3. Nonrecursive Trade-offs

Over the past ten years many interesting types of restarting automata have been categorized
with respect to their computational capacity. There are quite a few distinct hierarchies at whose
top there sometimes is a single type of automaton, but sometimes a whole group of them. While
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many of these hierarchies are set up between some well-known language classes, in the middle
of the hierarchy we often find an incomparability to known models (an overview is given in [9]).

For example the family of languages % (det-R(R)WW) recognized by deterministic restarting
automata is equal to the class of Church-Rosser languages and strictly includes all families of
more restricted deterministic restarting automata. The lower end of this hierarchy strictly in-
cludes the top of the deterministic monotone restarting automata hierarchy which coincides with
the family of deterministic context-free languages and is already reached by det-mon-R-automata,
so that even det-mon-RRWW-automata turn out to be no more powerful. The language families
accepted by monotone restarting automata also form a hierarchy (which also begins with the
strict inclusion of all deterministic context-free languages) and there are many incomparabil-
ity results for language families of the deterministic versus language families of the monotone
hierarchy.

In regarding such somewhat distinguishable types of restarting automata we normally hope
to find non-recursive trade-offs and indeed we are able to give proof for some of these. Quite
a few of these proofs can be carried out using standard argumentation on the fact that the
considered types of restarting automata can/cannot accept a family of languages known as valid
computations of turing machines? bearing the required non-(semi)-decidability properties.

For other proofs more individual witnesses have to be found, e.g. for the Church-Rosser
languages: while valid /invalid computations help proving non-recursive trade-offs to the nonde-
terministic counterparts of det-R(R)WW-automata (which have strictly greater generative capac-
ity), we are also able to show that there are non-recursive trade-offs to the class of deterministic
context-free languages which is strictly included.

4. Recursive Trade-offs

The second goal we pursue is to find pairs of language classes that lie together more closely
from the descriptional complexity point of view. Therefore we have to find out which sort of
restriction leads to a finer splitting of the existing hierarchies.

One candidate restriction is to follow the idea of Mraz [6], where restarting automata with
bounded window-size are studied. This restriction can be combined arbitrarily with the afore-
mentioned ones and for small values leads to families of languages lying at the very bottom
of each hierarchy, e.g. Mréaz showed by effective construction that all variants of immediately
restarting (“one R”-) automata with fixed window size of one characterize regular languages.

Inspired by this result, we start our search for recursive trade-offs at the lower end of all
hierachies by comparing restarting automata to finite automata.
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ABSTRACT

In this paper we summarize the decidability result in Chapter 5 in [Rei05] where we generalize
Presburger arithmetics by adding a monotone transitive closure in a way such that this allows to
decide the reachability problem for those Petri nets where inhibitor arcs occur only in some restricted
way. Furthermore we describe the corresponding automaton having a decidable emptiness problem.
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1. Introduction

That the reachability problem is decidable for Petri nets without inhibitor arcs, was proven in
[May84], and later in [Kos84] and [Lam92]. On the other hand, the reachability problem is
undecidable for Petri nets with two inhibitor arcs. This follows from [Min71]. The problem,
whether the reachability problem is decidable for Petri nets with one inhibitor arc, was first
brought up in [KLM89].

An important method is the use of semilinear sets which are defined using the operators +,
*, U over finite sets of vectors (multisets). Semilinear sets are the solutions of Presburger
formula, where Presburger arithmetic is the first order logic over the natural numbers and the
addition operator. Presburger arithmetic is decidable, and semilinear sets are closed under N
and complement [GS65],[ES69].

However, the reachability relation for a Petri net is, in general, not semilinear. For that reason,
the basic idea of this paper is to replace + and * by the suitable operators og and *Q. Using
these operators, we will then be able to express a reachability relation as the sequence of relations.
This is much like the transitive closure used in [Imm87] to characterize NL with first order logic.
However, applying the transitive closure operation to Presburger arithmetic, immediately leads
to undecidable problems. For this reason, the important principle of monotonicity in the reach-
ability relation of Petri nets is used to restrict the idea of the transitive closure. In other words,
the operator *Q is a monotone transitive closure and we consider the following three steps:

1. One application of *Q already allows us to express the reachability problem in a Petri net
without inhibitor arcs.

2. A second application of *Q (containing the first one in a nested way) allows us to express
the reachability problem in a Petri net with one inhibitor arc.

3. Arbitrary nested applications of *Q allow us to express the reachability problem in a Petri
net for which there exists an ordering of the places such that a place has an inhibitor arc
to all those transitions which have an inhibitor arc from a preceding place.
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2. The Formalism for the result

For the sake of a flexible description, we use multi-sets instead of vectors. A multi-set over B
is a function in NP, We might write a multiset f € N as a set {b — f(b) | b € B}, as a

£(b1)
ble | b1, b2 bn 02| For the latt have
table l:f(bl)7f(b2)7”'7 f(bn)} or as an n-ary vector 3 or the latter, we have to assume
£(bn)

an ordering on B = {by,bs,...,b,} (without relevance to the contents), and in the first two
descriptions, we only need to write those b’s with f(b) > 0. Although we do not a priori limit
the size of B, we only use multisets for a finite B in this paper. For multisets, we use the variables
c,d,e, f,g,h,m,n,r,s,x,y, and for sets of multisets, we use the capitals E, L, M, N, R and Id
(the latter will denote the identity for the operator og to be defined
For A C B, we regard functions in N4 C NP as extended to zero for undefined values. This
allows us to add any two multisets f € N4 and g € NP and obtain a multiset in (f + g) € NAYB
with (f + g)(z) = f(z) + g(z) in the same way as we would add the corresponding vectors
assuming an ordering on AU B. The neutral element for addition is § with §(z) = 0 for all z.
It holds N4 N NB = N4"B, We define sgn(f) := {a | f(a) > 0} and sgn(M) := |J sgn(f).

feM
The restriction f|4 of a multi-set f € NP to A is f|4 (b) := £f(b) if b € A else f|4 (b) := 0. This
means f|4:= {b— f(b) | b€ A}. The complement operator is f|z:= {b+— f(b) | b & A}, thus
f="Ff|a+f 'X'
For a  finite  set M = {m;y, ..., my} C NA of  multi-sets,

M* = {aim; + ... + apmyg| Vi < k a; € N} is the set of all linear combinations generated by
M. More generally, by M? := {0} and M**! := M + M, we can define M* := | J, M".

2.1. New operator on multisets

For an unambiguous! and injective binary relation @, we define the operator 0@ on two sets of
Multisets M and N as

NogM := {nlm(Q) tm| o

This means if n and m “match” according to @, then the values for an a € m(Q) = {a|(a,b) € Q}
in n and the values for a b € m3(Q) = {b|(a,b) € Q} in m are “used up against each other” and

the rest is added. For example,
3 2 8 7 5 8 7 5
61,5 Of(by,ba)} 31,121,112 61,115,595
1 2 1 2 3 2 4 5
11 9
9)°\7

00)~{0)0.0

The latter example shows that the dimension is necessarily reduced (b3 is used up on both sides)
if m1(Q) Nm2(Q) is not empty. If m1(Q) and m2(Q) are disjoint, we define Idg := {{a — 1,b —
1} | (a,b) € Q}* which is the neutral element for og. Obviously, it holds NogM = N + M which
makes 4+ with the neutral element Idy = {0} a special case of the og operator.

Furthermore, for Q with m(Q) and m2(Q) disjoint, we define (M) as the closure of M UIdg
under og and the addition oy. In other words, *OQ(M) = Idg, *gl(M) 7= *ZQ(M)OQ(M +
Idg) and *g(M) := |, *b(M) . Again, (M) = M* is a special case.

neN,me M,V(a,b) € Qn(a) = m(b)}.

Il

or

Il

1A binary @ is unambiguous if Q71 is injective.
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The main result in Chapter 5 in [Rei05] can be formulated as follows:

Theorem 1 The following problem is decidable: Given: An expression consisting of finite sets
of multisets and the operators U, og and X¢ (thus also N, + and *). Question: Is the denoted
set of multisets empty?

Open Problem: Is this decision problem primitive recursive?

3. Logic

Presburger formula are first order formula with the additional predicate PLUS(z, y, z), which is
equivalent to  + y = z, over the universe N. Their theory is decidable [Pre29]. It is shown in
[Sch04] that Presburger arithmetic is closed under unary counting quantifiers. Such a quantifier
F=%¢(y) is true if the number of values y for which ¢(y) is true is equal to z.

Now the question is the following: Which operator can be added to FO with PLUS to obtain
something stronger than Presburger arithmetic, but still keeping the theory decidable? TC as
used in [Imm87] would already be too strong and make the problem undecidable. The operator
*Q in the last Section corresponds to the monotone transitive closure mTC defined as follows:
Given a formula ¢(z1, ..., Tk, 7}, ..., T},), then mTC(¢) denotes the smallest set S C N2¥ contain-
ing all of the following:

e (T1,..., T, T1, .o, T ) for (z1,...,2%) € N¥ (this stands for the identity),

7 1 / of / / 4 1
o (x1,...,xk, 27, ..., xy) for (x1,..,z,2,..,2,) € S and ¢(z),..., 2}, 2], ..., z}) V
14 / 1" !
(@}, 2hy 2,y zy) €S, and
1! 1 / 7 / 1 / !
o (z142f,..,xp+ay, )+, .., o) +f) for a (z1,..., 2k, T}, ..., z},) € S and (zf, ..., z}) € NF.

Since we have no construction available to describe the complement of a mTC(¢) formula without
using the negation (as this is the case for a FO4+PLUS-formula according to [Pre29]), we can
only conclude from Theorem 1 the following:

Corollary 2 The emptiness and satisfiability is decidable for formulas with an FO+PLUS-
formula inside and A,V,3 and mTC operators outside.

4. The reachability relation for Petri nets

An inhibitor arc from a place to a transition means that the transition can only fire if no token
is on that place. We describe such a Petri net as the 6-tuple (P, T, W, I, mp, m,) with the places
P, the transitions T, the weight function W € NPXTUTXP "the inhibitor arcs I € P x T and,
the start and end markings mg, m, € N”,
A transition t € T can fire from a marking m € N” to a marking m’ € N”| denoted by m[t)m’
if

m-—W(,t)=m'—W(t,.)e N andVpe P (p,t) € I - m(p) = 0.

A firing sequence w = t;...t, € T™ can fire from mg to m,, denoted by mg[w)m,,, if there exist
intermediate markings my,...my,_; with mg[t;)m;[to)...[t,)m,,.

The reachability problem for a Petri net (P, 7, W, I, mg, m,) is to decide, whether there exists a
w € T* with mp[w)me.

Let Pt := {p* | p € P} and P~ := {p~ | p € P} be copies of the places and P := {(p*,p™) |
p € P}. For any multiset, m we define the corresponding copies m~ := {p~ — m(p) | p € P}
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and m* := {p* — m(p) | p € P}. Then, we can define the reachability relation for a transition
t without an inhibitor arc as

R(t) == {m- +m't m[t)m’}
= {r e NP vp e Pr(p7) - W(p,t) = x(p") — W(t,p) € N}

and the reachability relation for a set of transitions 7" as R(T") := |J R(t).
teT
The important property of monotonicity means that whenever mjw)m’, then also (m +

n)[w)(m’ + n) for any n € NP. This corresponds to adding Idp = Id; and R(t) can be
written as the linear set R(t) = ¢; + Idp using c¢; with c;(p™) = W(p,t) and c;(p+) = W (¢, p)
for all p € P. The reachability relation for the concatenation of two firing sequences is described
by the operator op := 05 and the iteration is done by Xp = ¥ p- We define the reachability
relation of the petri net N without an inhibitor arc as R(N) := R(T*) := *p(R(T)). The
reachability problem without an inhibitor arc formulates as (my + mg}) € R(N).

In Ry = R(N)N{r € NP-P" | r(p;) = r(p]) = 0}, we restrict to those firing sequences
starting and ending with markings without tokens on p;. The alternative of using an additional
transition ¢ having an inhibitor arc from p; is added in R3 = Ry UR(f) and Ry = *p\{m}(Rg)
iterates these parts.

Continuing in this way allows us to express the reachability problem in a Petri net for which
there exists an ordering of the places such that a place has an inhibitor arc to all those transitions
which have an inhibitor arc from a preceding place:

/

Theorem 3 In a Petri-net (P, T, W, 1, mg, m.) with
Jg e NL Vp,p € Pglp) <g(p)) —» (Vi€ T (W,t) € I = (p,t) € I),
we can construct an expression T, such that there is a firing sequence w € T* with mo[w)m, if
and only if R(Ty) is (= {0} and) not empty.
With Theorem 1 we derive the following:

Corollary 4 The reachability problem for a Petri net (P,T, W, I, mg, m,) with
Jg e N Vp,p' € P g(p) <g(p)) = (Vte T (p,t) e I — (p,t) € I),

1s decidable.

5. Priority-multicounter-automata

We define a priority-multicounter-automaton by a restrictive zero-test according to an order of
the counters in the following way: the first counter can be tested for zero at any time; the second
counter can only be tested for zero simultaneously with the first counter; any further counter
can only be tested for zero simultaneously with all preceding counters. Formally, this reads as
follows:
A priority-multicounter-automaton is a one-way automaton described by the 6-tuple

A= (k,2,%,8,20,F)
with the set of states Z, the input alphabet ¥, the transition relation

§C(Zx(ZU{A}) x{0...k}) x (Z x {~1,0,1}F),
initial state zo, the accepting states F C Z, the set of configurations Cy = Z x £* x N¥ the
initial configuration oa(z) = (20, z,0, ...,0) and configuration transition relation

—

k

(z,az,n1,....n8) b (2, z,n1 + i1, .0, g + 1)
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if and only if 2,2’ € Z,a € TU{\},((2,q,5), (2,41, ...ik)) € 6, Vi < jn; =0.

The language recognized by an priority-multicounter-automaton A is L(A) = {w | 3z, €
E 3ng,...,nk € N (20,w,0,...,0) Fr (z, A, n1,...,nk). A priority-multicounter-automaton can
be changed in such a way that it has only one accepting state 2z, and that all counters are empty
while accepting; in that case L(A) = {w | (20,w,0,...,0) Fr (ze,A,0,...,0)}.

The family of languages over a k-letter alphabet accepted by priority-multicounter-automata
with n counters of which at most j can be tested for zero in the restricted way defined above is
denoted by PEC A (7).

Using Theorem 3, we show that the emptiness problem of the accepted language is decidable
for priority-multicounter-automata. The same holds for the halting problem by constructing an
automaton which contains its input in the states.

Theorem 5 The emptiness problem for priority-multicounter-automata is decidable.

Proof. Given A we construct a Petri net (P, T, W, I, mg,m;) with the places P := {l..k} U Z,
the transitions 7' = §, the weights W with

W(z,((2',a,7),(2",V))) :=1if 2 = 2/ else := 0;

W(((Z,a,7),(z",V)),2z) :=11if z = 2" else := 0;

W (i, ((2',a,7),(z",V))) :=1if V(i) = —1 else := 0; and

W(((#,a,7),(z",V)),2) :==1if V(i) = 1 else := 0;

the inhibitor arcs I := {(3, ((2/,a,j), (2",V))) | i < 7}, the start marking mg := {29 — 1}, and
the end marking m; := {z, + 1} which is reachable from myg if and only if L(A) # 0. According
to Corollary 4 with g(i) = for ¢ < k and g(z) = k+ 1 for z € Z, this is decidable. a

Remark 1 The classes P*C A (j) (and also their unions) are incomparable to the class LIN
of linear languages and their hierarchy is real. Furthermore, {(a™b)™ | n,m € N} cannot be
accepted by a priority-multicounter-automaton.

6. Restricted Priority- Multipushdown- Automata

We define a priority-multipushdown-automaton by a different treatment of one of the two push-
down symbols according to an order of the pushdown stores in the following way: let the
pushdown alphabet be {0,1}. A 0 can be pushed to and popped from every pushdown store
independently, but a 1 can only be pushed to or popped from a pushdown store if all pushdown
stores with a lower order are empty. Furthermore, the restriction requires that if a 1 is popped
from a pushdown store, then a 1 cannot be pushed anymore to this store until it is empty.

Theorem 6 The emptiness problem for restricted priority-multipushdown-automata is decid-
able.

This generalizes the result in [JKLP90] that LIN%D]" (the class of languages generated by
linear grammar and deletion of semi Dyck words) is recursive. We conjecture that decidability
still holds in the unrestricted case but, even in the special case of a pushdown automaton with
additional weak counters (without zero-test), this is still an open problem.
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KURZFASSUNG
In der vorliegenden Arbeit wird folgendes Aquivalenzproblem untersucht:

Ist es entscheidbar, ob zwei synchrone, deterministische, kontextfreie Ketten-Code-Bild-
Systeme die gleichen Bildsprachen erzeugen?

1. Einleitung

Ketten-Code-Bild-Sprachen sind ein grammatikalischer Ansatz zur Beschreibung von Bildern
(Strichgraphiken). Sie basieren auf der Erzeugung von Wortern iiber einem speziellen Alphabet
und der Interpretation dieser Worter als Bilder. Sie konnen als eine formale Beschreibung der
Arbeitsweise gewisser Plotter aufgefasst werden.

Ketten-Code-Bild-Sprachen wurden von H. FREEMAN eingefiihrt [Fre61]. Bei Ketten-Codes
entsteht ein Bild durch eine Folge von Zeichenbewegungen, die durch Symbole reprisentiert
sind. Ein Wort beschreibt ein Bild, das durch Nacheinanderausfiihrung der Zeichenschritte sei-
ner Buchstaben entsteht. FREEMAN benutzt ein achtelementiges Alphabet {0,...,7 }, dessen
Elemente entsprechend folgender Skizze interpretiert werden:

2 Das rechte Bild wird beispielsweise durch das
= 0 Wort 7012403437261545046701 beschrieben:
5 |6 (Zum Nachzeichnen beginne man am Kreis.)

In den 80er Jahren wurden Ketten-Code-Bild-Sprachen untersucht, bei denen die zugrun-
de liegenden Wortsprachen zur CHOMSKY-Hierarchie gehtren. Bei den biologisch motivierten
LINDENMAYER-Systemen wird eine Variante der Ketten-Codes verwendet, die auf der Schild-
krotengeometrie basiert. Dabei werden nur die vier Richtungen 0, 2, 4, 6 betrachtet, fiir die die
Buchstaben r, u, [, d (right, up, left, down) geschrieben werden.

Kontextfreie LINDENMAYER-Systeme werden in folgende Klassen eingeteilt: DOL (determi-
nistisches Ersetzen von Buchstaben), 0L (nichtdeterministisches Ersetzen von Buchstaben),
DTOL (nichtdeterministisches Auswéhlen einer Ersetzungstabelle, nach der deterministisch er-
setzt wird) und T0L (nichtdeterministisches Auswihlen einer Ersetzungstabelle, nach der nicht-
deterministisch ersetzt wird).

In dieser Arbeit werden spezielle DOL-Systeme, die synchronen DOL-Systeme (sDOL-Systeme)
betrachtet.
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2. Grundlagen

In diesem Abschnitt werden die benétigten Begriffe zusammengestellt. Fiir eine detailliertere
Einfithrung sei auf [T05] (oder auch [T04]) verwiesen.

Die Buchstaben r, u, { und 4 werden im Folgenden in dieser anderen Schriftart dargestellt,
um Verwechslungen mit Variablen zu vermeiden. Die Menge dieser Buchstaben (das Alphabet)
wird mit A bezeichnet: A = {r,u,(,d }. Die Worter iiber diesem Alphabet lassen sich als
Abbildungen auf dem Z? ansehen. Dabei ordnet jede der vier Richtungen einem Punkt q € Z?
seinen entsprechenden Nachbarn z(q) = q + v, zu, wobei v, = (1,0), b, = —(1,0), v, = (0,1)
und vy = —(0,1) gelten. Dem Leerwort A entspricht die identische Abbildung. Ein zusammen-
gesetztes Wort vw € A* symbolisiert die verkettete Abbildung v ow:

vow:Z2 — Z* mit q— w(v(q)).

Wenn w = wq - - - w, ein aus Buchstaben wy, ..., w, zusammengesetztes Wort ist, so bezeichne
w, das Teilwort bis zum i-ten Buchstaben: w; = w; - - - w;. Werden die Buchstaben als Zeichenbe-
fehle aufgefasst, so sind Worter Befehlsfolgen. Durch Abarbeiten solcher Befehlsfolgen entstehen
Bilder. Diese Bilder sind Polygonziige, bei denen die Ecken Punkte des Z? sind und die Kanten
achsenparallel verlaufen. Die Polygonziige werden durch Gittergraphen beschrieben. Ein Git-
tergraph ist ein Graph, bei dem die Knotenmenge eine Teilmenge von Z? ist und jede Kante
zwei benachbarte Knoten g, z(q) mit q € Z* und = € A verbindet. Er enthilt auflerdem zwei
ausgezeichnete Punkte, und zwar einen Anfangs- und einen Endknoten.

Es seien a € Z* ein Punkt (Anfangspunkt) und w = wy - - - w, ein Wort iiber dem Alphabet
A. Die Knotenmenge ®%w) zu w beziiglich a sei die Menge aller ,,angelaufenen“ Punkte:

o%w) = {wi(a) |[i=o0,...n}.
Das Bild zu einem Wort w beginnend in einem Punkt a wird durch
p(w) = (@%(w); a,w(a); { (wii(a), wi(a)), (wi(a), wi—i(a)) [i=0o,...,n})

beschrieben. In dem Bild zu einem Wort uvw ist p"(°)(v) ein Teilbild (auch Unterbild genannt).

Da jedes Wort eine endliche Lange hat, liegt das entsprechende Bild in einem beschrankten
Rechteck, der Bildfliche [£%(w).

Wenn nichts anderes angegeben wird, liegt der Anfangspunkt im Nullpunkt: a = 0. Der obere
Index an den Funktionsnamen wird dann weggelassen.

Die erweiterte Vereinigung P U R zweier Rechtecke P8 und R sei das kleinste Rechteck, das
die Vereinigung P U R enthilt. Mit A sei die Menge aller endlichen und nichtleeren Teilmengen
von Wértern iiber dem Alphabet A bezeichnet.

Es seien k,pu zwei natiirliche Zahlen, x, 4 € Ng. Ein Endomorphismus h auf dem Halbring
(A,U, ) heiBit (k, u)-Endomorphismus, falls fiir alle z € A folgendes erfiillt ist: Wenn 2’ € h({ z })
ist, so gilt

1. /(o) = Koy und
2. O(2') € Klo,0,] U pfo,r, bes].

Das Anwenden von h auf eine Wortmenge W wird Ableiten genannt. Die erste Synchronisa-
tionsbedingung gibt an, wo die Bild-Endpunkte der ersten Ableitungen des Alphabets liegen;
die zweite Bedingung bewirkt, dass das Bild zu jeder Ableitung von z € A in einem gewissen
Rechteck liegt. Der Parameter s gibt eine Langendnderung beim Ableiten an; im Falle x = 0
heifit der Endomorphismus ldngenkontrahierend, im Falle x = 1 langenkonstant und im Falle
x > 1 langenexpandierend. Der Parameter p ist eine obere Schranke fiir die Breitendnderung
beim Ableiten.
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Ein synchrones, deterministisches, kontextfreies Ketten-Code-Bild-System (genannt sDOL-
System) ist ein Tripel G = (A, h,w) mit dem Alphabet A = {r,[,u,d }, einem nichtleeren
Startwort (Axiom) w € A% und einem (k, p)-Endomorphismus h, der jede einelementige Men-
ge auf eine einelementige Menge abbildet (h({ z }) = {2’ }). Die Mengenzeichen werden dann
weggelassen.

Mit h™ sei die n-stellige Verkniipfung von h bezeichnet. Die jeweils erste Ableitung eines
Buchstabens heifit atomare Ableitung. Die von einem sDOL-System G erzeugte Bildsprache Bg
ist die Menge aller Bilder von Ableitungen des Axioms w:

Bg = {p(w) |w="h"(w),n € Ng}.

Ein sDOL-System heifit langenkontrahierend, lingenkonstant oder ldngenexpandierend, wenn
sein Endomorphismus diese Eigenschaft hat.

3. Aquivalenz von sDOL-Systemen

Es seien G1 = (A, h1,w;) und Gy = (A, hg,ws) zwei sDOL-Systeme. Dabei seien hy und hy ein
(K1, 11)- bzw. ein (K2, ua)-Endomorphismus; die erzeugten Bildsprachen seien B; bzw. Bs.

In [T05] wurde gezeigt, dass es entscheidbat ist, ob die erzeugte Bildsprache endlich ist oder
nicht und dass die Bildsprache eines liangenkontrahierenden sDOL-Systems hochstens vier Ele-
mente enthalt.

Es sei zundchst G laingenkontrahierend. Wenn die Bildsprache Bs endlich ist, so enthélt sie
hochstens vier Bilder und es kann entschieden werden, ob By und By iibereinstimmen oder nicht.
Ist By unendlich, so stimmen die Bildsprachen Bj und Bsg nicht iiberein.

Es seien nun das System G lingenkonstant oder -expandierend (x; = 1) und G3 lingenex-
pandierend (k2 > 1). Aufgrund der ersten Synchronisationsbedingung liegt zu jedem Bild-Punkt
p eines Wortes w das k-fache von p in der Knotenmenge der Ableitung von w:

p € Ow) = kp € O(W).

Folglich gilt ®(w) S 1 ® (w'), wobei 1M S R* die Menge aller Punkte Lp mit p € 9 ist. Fiir
das System G; (i = 1,2) gelten daher d1e folgenden Ungleichungen:

OwW) € ~OW)E50W)E S =ow)c (3.1)

Ki 1 K]

Die Inklusionen sind jeweils echt, falls das betreffende System langenexpandierend ist.

Des Weiteren gelte By = Bj. Insbesondere ist damit auch p(w;) € Bs. Dann gibt es eine
Ableitungsstufe ¢, so dass die Bilder zu w; und der i-ten Ableitung von wy iibereinstimmen:
plwr) = p(wéz)). Wegen (3.1) gilt fiir j € Ny

1 ; 1 1 1 ;
OW) € - €= 0W)=—0W)E —0W)< - € —0 W)
Wenn k9 > 1 gilt, dann sind die ersten Inklusionen echt; bei k; > 1 die letzten. Da mindestens
einer der beiden k-Werte grofler als Eins ist, gilt

® (w (J))

Ofwz) C

K K,
fiir 5 € N. Damit ist die Knotenmenge ©(ws2) zu wy kleiner als die Knotenmenge ®(w (])) zu einer
j-ten Ableitung von w: |©® (w2)| < |®@ (w (]))l fiir j > 0. Damit stimmen auch die entsprechenden
Bilder nicht tiberein: p(ws) # p(wl )) fiir j > 0. Da die Bildsprachen aber iibereinstimmen, gilt
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p(wz2) = p(wy). Das Bild zu wy ist das gleiche wie zu wy; es ist jedoch von allen Bildern zu
Ableitungen von w; verschieden. Ebenso ldsst sich zeigen, dass das Bild von w; mit dem Bild
von wy aber keinem anderen Bild aus der Sprache B» iibereinstimmt.

Auf analoge Weise erhilt man, dass die Bilder ableitungsstufenweise iibereinstimmen. Wenn
die Bildsprachen iibereinstimmen, dann stimmen also auch die Bildfolgen

Fy = (p(wi), p(wy), pwy),...), Fa = (p(wa), p(ws), p(wy),...)

iiberein. Wenn die Bildfolgen iibereinstimmen, dann natiirlich auch die Bildsprachen.

Es gelte k1 < ko. Dann nimmt die BildgréBe bei G schneller zu als bei 7. Folglich sind in
diesem Falle die Bildsprachen verschieden.

Es seien nun G; und Go zwei lingenexpandierende sDOL-Systeme mit k1 = k9. Wenn die
beiden Bildsprachen unterschiedlich sind, dann sind auch die Bildfolgen verschieden. Da bis zur
zweiten Ableitungsstufe alle Buchstaben vorliegen, die iiberhaupt erzeugt werden ([T05, Lemma
1.23}), kommen in der dritten Ableitung des Axioms alle iiberhaupt auftretenden atomaren Ab-
leitungen als Teilworter vor. Stimmen die Bilder der vierten Ableitungen auch noch iiberein,
dann sind die neu entstandenen Teilbilder auch Unterbilder des jeweils anderen Bildes. Da sie
aber bereits als Unterbilder (an anderer Stelle) in Bildern friiherer Ableitungen auftreten und
keinen Unterschied hervorgerufen haben, tun sie es jetzt auch nicht und somit auch spéter nicht.

Folglich stimmen die Bildsprachen zweier lingenexpandierender sDOL-Systeme mit gleichem
k-Parameter genau dann iiberein, wenn die Bildfolgen bis zur vierten Ableitungsstufe {iberein-
stimmen.

Nun seien G1 und G9 zwei langenkonstante sDOL-Systeme. In diesem Falle kénnen auch bei
unterschiedlichen Bildfolgen gleiche Bildsprachen vorliegen. In [T05] wurde gezeigt, dass und wie
man entscheiden kann, ob ein lingenkonstantes sDOL-System eine endliche Bildsprache erzeugt
oder nicht. Wenn die Bildsprache endlich ist, so enthélt sie hochstens drei Bilder ([T05]). Erzeu-
gen zwei lingenkonstante sDOL-Systeme jeweils eine endliche Bildsprache, so ist die Aquivalenz
entscheidbar. Es sind hochstens drei Bilder mit drei anderen zu vergleichen. Ist eine Bildsprache
endlich, die andere aber nicht, so stimmen sie nicht iiberein.

Es bleibt zu untersuchen, ob und, wenn ja, wie man entscheiden kann, ob zwei lingenkonstante
sDOL-Systeme mit unendlichen Bildsprachen dquivalent sind oder nicht.

4. Zusammenfassung

Es seien GG; und Gy zwei sDOL-Systeme mit den Parametern x; bzw. ky. AuBerdem gelte k1 < Ks.
Im vorherigen Abschnitt wurde fiir folgende Fille die Entscheidbarkeit der Aquivalenz nachge-
wiesen: k1 = 0 und k9 beliebig, k1 2 1 und k9 > K1 sowie K1 > 1 und Ko = K.

Der Fall k1 = k9 = 1 ist noch zu untersuchen.
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