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References [1] — [4] are summarizing books/papers, the remaining references give the papers
where the regulations were introduced.
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Preliminaries |

N — set of all natural numbers — {0,1,2,3,...},
Z — set of all integers
Q - set of all rational numbers

V ={aq,as,...,a,} — alphabet (with letters in a fixed order)
V* — set of all words over V'
V't — set of all non-empty words over V

lw| — length of the word w
#u(w) — number of occurrences of letters of U C V in w € V*
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Preliminaries ||

Uy (w) = (#a, (W), #ay(W), . .., #a, (w)) — Parikh vector of w
Uy (L) ={¥y(w) |w € L} — Parikh language of L C V'*

L C V* is called semilinear if and only if its Parikh language Wy (L) is a
finite union of linear subsets of N"
(i.e., a finite union of sets which can be represented

m
{’UOJrZ%”U?;\%EN,lSiSm}
i—1

for some vg, v1,...,0,, € N”
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Preliminaries lll

G = (N,T,S, P) — phrase-structure grammar

N — set of nonterminals (usually denoted by capitals)

T — set of nonterminals (usually denoted by small letters)
P — set of productions (or rules) a — 3

S — axiom

Va = N UT (sometimes only denoted by V)

G length-increasing iff |a| < |G| for alla — B € P
G context-free iff all rules of P have the form A — 3 with Ae N, g e Vj3
G regular iff all rules of P have the form A — S with Ae N, 3 € TNUTU{\}
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Preliminaries |V

REG — family of all regular languages

CF — family of all context-free languages
C'S — family of all length-increasing/context-sensitive languages
RE — family of all recursively enumerable languages

{ww | w € {a,b}* } ¢ CF,
{a™c™b™"d™ | n,m > 1} ¢ CF,
{a®" |n >0} ¢ CF,

{a™b"c" |n>1} ¢ CF
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Preliminaries V

Any L € CS can be generated by grammar G = (N, T, .S, P) where all rules are
of the form AB — CD, A— BC, A— Band A — awith A,B,C,D € N and
acT.

Any L € RE can be generated by grammar G = (N,T,S, P) where all rules
are of the foom AB — CD, A — BC, A — B, A — a and A — )\ with
A B,C.De Nanda€eT.

For any language L € REG, there is a finite automaton A = (X, Z, zg, F}, )
(with input set X, state Z, initial state zg, set F of accepting states and transition
function 9) such that the set T'(A) of words accepted by A coincides with L.
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Mary
a woman

Mary,
a woman,

Mary,
a woman,

Motivation — English

and John are
and a man, respectively.

John and William are
a man and a man, respectively.

John, William and Jenny are

a man, a man and a woman, respectively.

Sentences of this type form a sublanguage L with

h(L) = {ww | w € {a,b}} for some morphism h
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Motivation — Swiss German

Jan sait das mer em Hans halfed.
(Jan says that we helped Hans.)

Jan sait das mer em Hans es Huus halfed aastriche.
(Jan said that we helped Hans to paint the house.)

Jan sait das mer d’'chind em Hans es Huus lond halfed aastriche.
(Jan said that we allowed the children to help Hans to paint the house.)

Sentences of this type form a sublanguage L with
h(L) ={ww | w € {a,b}} for some morphism h
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Regularly Controlled Grammar — Definition

Definition ([9]) :

i) A regularly controlled (context-free) grammar is a 5-tuple G = (N, T, S, P, R)
where

— N,T, P and S are specified as in a context-free grammar,

— R is a regular set over P.

i) The language L(G) generated by G consists of all words w € T™ such that
there is a derivation

with
p1p2ps3 ... Pn € R.
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Regularly Controlled Grammar — Example |

G = ({S, A, B}, {(l, b}; Sa {p07p17p27p37p47p57p67p77p8}7 R)

po=9S — AB,
pr=A—>aA, py=B—aB, p3=A—0A, ps=B—bB,
p5:A—>a,, pe = B — a, p7:A—>b, p8:B—>b

R = po{p1p2, pspa}*{pspe, p7ps}
L(G) = {ww | w € {a,b} " }
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Regularly Controlled Grammar — Example |l

G = ({5, A, B},{a,b,c,d}, S, {po, p1, P2, 3, P4, 5,06 }, R)

p0:S—>AB,
p1r=A—>aA, py=B—bB, p3=A—cA, ps=B—dB,
p5:A—>C, pﬁzB—>d

R = po(p1p2) T (p3p4) *pspe
L(G) = {a"c¢™™d™ | n > 1,m > 1}
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Appearance Checking

N and T" — set of nonterminals and terminals, respectively
P — (finite) set of (context-free) productions over V.= N UT
F — subset of P

We say that z € V't directly derives y € V* in appearance checking mode by
application of p = A — w € P (written as x =7° y) if one of the following
conditions hold:

x = x1Ars and y = xjwxs
or

A does not appear in x, p € F' and = = v.
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Regularly Controlled Grammar with Appearance Checking —
Definition

Definition ([9]) :

i) A regularly controlled (context-free) grammar with appearance checking is a 6-
tuple G = (N, T, S, P, R, F') where

— N,T, P, S and R are specified as in a regularly controlled grammar and

— F'is a subset of P.

i) The language L(G) generated by GG with appearance checking consists of all
words w € 1™ such that there is a derivation

ac ac ac ac -
Sjm Wy =,  We =50 ... =, Wy = W

with
p1p2ps3 . .. Pn € R.
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Regularly Controlled Grammar with Appearance Checking —
Example

G =({S,A X}, {a}, S, {p1,p2,p3,P4,05}, R, F),

pr=S—AA, po=S—-X, p3=A—S, p=A—-X, ps=5—a
R = (pip2p3pa)ps,

F = {p2, ps}

L(G) = {a®" | m>1)
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Regularly Controlled Grammars versus Chomsky Grammars

ArC — family of all languages generated by regularly controlled grammars
(without appearance checking)

ArCy. — family of all languages generated by regularly controlled grammars
with appearance checking

rC — family of all languages generated by regularly controlled grammars
without erasing rules (and without appearance checking)

rCq. — family of all languages generated by regularly controlled grammars
with appearance checking and without erasing rules

Theorem :

i) All languages of ArC' over a unary alphabet are regular.
i) CFCrC cCrC,.CcCS

i) CF CcrC C A ArC C A\rCy. = RE
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Matrix Grammar — Definition |

Definition ([5]) :
i) A matrix grammar with appearance checking is a quintuple
G = (N,T,S, M, F) where

— N, T and S are specified as in a context-free grammar,

— M = {mq,mo,...my}, n > 1, is a finite set of sequences
m; = (Di,1,Pi,2:- - Pik(i)), k(1) > 1,1 <14 <n,
where any p; ;, 1 <i<n, 1< j <k(), is a context-free production,

— F'is a subset of all productions occuring in the elements of M,

ii) We say that M is a matrix grammar without appearance checking if and only
if ' =10).
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Matrix Grammar — Definition |l

iii) For m;, 1 <i <mn, and z,y € V5, we define v =>,,. y by

. ac ac ac ac N —
T = To = pi1 L1 ; pio L2 ; pi3 " ; Pi k(i) Lri) =Y

iv) The language L(G) generated by G (with appearance checking) is defined as
the set of all words w € T™ such that there is a derivation

S :>mj1 Y1 :>mj2 Y2 :>mj3 e :>mjk Ye — W

forsomek>1,1<75,<n,1<i<k.
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Matrix Grammar — Example |

G = ({Sa A, B}7 {(L, b}v S, {m()? mai, ms2,ms, m4}’ (Z))

mo= (S — AB), mi=(A—aA, B—aB), mys=(A—bA, B — bB),
ms = (A — a, B— a), my = (A —b, B—D)

L(G) ={ww | w € {a,b}T }

G/ — ({S7 A7 B}7 {CL, ba C, d}7 {m()? mi, ... ’m4}’ S’ (Z)>

mo = (S — ACBD, m;=(A—aA, B—bB), my=(A—a, B—D),
msg = (C — cC, D —dD), my=(C—c, D—d)

L(G") ={a"c™b"d™ | n>1,m > 1}
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Matrix Grammar — Example |l

G=({SAA B C, D, X} {a,b}, M,S,F)

mo = (S — AB), my = (S — AD)
my=(A— A'A, B—B), my=(A— X, B—C)
ms = (A —a, D— D), my=(A— X, D—b)
my=(A"— A, C — (), ms = (A" — X, C — B)
mg = (A" — X, C — D)

F={A—- X A - X}

L(G) = {anb | m >0}
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21



Fakultat fur Informatik Universitat Magdeburg Jirgen Dassow

Matrix Grammars versus Regularly Controlled Grammars

AM — family of all languages generated by matrix grammars
(without appearance checking)

AM,. — family of all languages generated by matrix grammars
with appearance checking

M — family of all languages generated by matrix grammars
without erasing rules (and without appearance checking)

M,. — family of all languages generated by matrix grammars
with appearance checking and without erasing rules

Theorem :
i) M=rC,
i) M = rC,
i) Mgy = rCly,

iv)  AMye = MrCly.
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Unordered Vector Grammar — Definition

Definition ([7]) :
i) An (unordered) vector grammar is a quadruple G = (V,T,S, M) where N, T,
M and S are defined as for matrix grammars.

ii) The language L(G) generated by G is defined as the set of all words w € T
such that there is a derivation

S =p, W1 =>p, W2 =>p, ... =>p, W

where p1p2...p, is a permutation of some element of M*.
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Unordered Vector Grammar — Example

G = ({S, A, B}, {a, b}, {mo, m1, ma, m3, my}, S, )

mOI(SHAB),
my = (A — aA, B—aB), ms=(A—bA, B— bB),
ms = (A — a, B — a), myg = (A —b, B—D)

{wzw'z | x € {a,b},w € {a,b}*,w" € Perm({w})}
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Unordered Vector Grammars versus Matrix Grammars

AV —  family of all languages generated by unordered vector grammars

uV  — family of all languages generated by unordered vector grammars
without erasing rules

Theorem :
CFcuV=MNuVCM

Theorem :
Each language in uV is semilinear.
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Programmed Grammar — Definition |
Definition ([12]) :
i) A programmed grammar is a quadruple G = (N, T, S, Lab, P, Pg) where
— N, T and S are specified as in a context-free grammar,

— Lab is a finite set of labels,
— P is a finite set of context-free productions (set of core productions)

Pg is a finite set of quadruples r = (¢, p, o, ) where ¢ € Lab, p € P,
and o and ¢ are subsets of Lab.

If r = (q,p,0,p), then o and ¢ are called the success field and failure field of r,
respectively.

i) If r = (q,p,0,0) holds for any r € Pg, then we say that G is a programmed
grammar without appearance checking. Otherwise GG is a programmed grammar
with appearance checking.
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Programmed Grammar — Definition ||

iii) The language L(G) generated by G is defined as the set of all words w € T
such that there is a derivation

S:w0:>7"1w1:>7"2w2:>7“3°°‘:>7"kw]€:w7

k > 1 and, for r; = (q;, A; — v;, 04, ;), one of the following conditions hold:

/ 1 o 7 / 7 * , .
- Ayw;, wi = w;_qvyw;_ for some w;_,,w;_; € V4 and ¢;11 € 0;

W;—1 = W,

or

A; does not occur in w;_1, w;—1 = w; and q; 11 € ;.
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Programmed Grammar — Examples |

— ({Sa A7 B}7 {(l, b}7 Sa {QO7 q1, ;Q8}7 P7 {To, r1, T2, ... 7T8})

P={S— AB, A—adA, B—aB, A—bA, B— bB,
A—a, B—a, A—b, B— b}

(QO7 S — AB) {Q17 d3, 45, Q7}7 (Z))’
7“1 = (q1, A — aA, {q2},0), = (q2, B — aB,{q1,¢3,95,97},0),
r3 = (g3, 4 — bA, {qu},0), re = (q4, B — 0B, {q1,43,¢5,q7},0),
rs = (Q57A — Q, {QG}a (Z))' (QGaB — a, (Z) @)
rT = (Q77A — b7 {q8}7@)1 (Q&B — b (2)7 (Z))'

L(G) ={ww |w € {a,b}" }
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Programmed Grammar — Examples I

G = ({S, A}) {CL}, {Q17QQ7Q3}7P/7 {7“1,7”’2,7“3}, S)
P'={S— AA, A— S, S — a}

r1=(q1,5 — AA,{q1},{q2}), 2= (92, A — S, {a2},191,43}),
r3 = (g3, 5 — a,{q3},0)

L(G") = {a,2m | m >0}
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Programmed Grammars versus Matrix Grammars

AP — family of all languages generated by programmed grammars
(without appearance checking)

AP,. — family of all languages generated by programmed grammars
with appearance checking

P — family of all languages generated by programmed grammars
without erasing rules (and without appearance checking)

P,. — family of all languages generated by programmed grammars
with appearance checking and without erasing rules

Theorem :
i) P=M,
i) AP =AM,
”') Poe = Mg,

iv) AP = AMge
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Regularly Controlled Grammar — Another Interpretation |

R C X* — regular set
R = T(.A) for some finite (nondeterministic) automaton A = (X, Z, 29, Q, 9)
A — description as a graph with labelled edges

2’ = §(z,x) corresponds to @i@

r1xs...2, € T(A) = R if and only if x125...x, is a sequence of edge labels
given by a path from z; to some state in ()

Control by a regular set corresponds to
control by sequences of edge labels of paths from a source node to a target node
(in a graph with edge labelling, one source node and a set of target nodes)
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Regularly Controlled Grammar — Another Interpretation ||

R = po{p1p2, p3ps}*{psps, P08}

source node — zg
target nodes — zs5, 27
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Programmed Grammars — Another Interpretation |

G = (N,T,S, Lab, P, Pg) — programmed grammar without appearance checking

r = (q(r),p(r),o(r),o(r))

H = (Lab, ) — graph
(q(r),q") € E if and only if ¢’ € o(r)

S =, W1 =>p, Wa... =, W} = w — derivation in G
if and only if
q192 - . - Qi i1s a sequence of nodes along a path in H

Control in programmed grammars corresponds to
control by node sequences along paths in graphs
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Programmed Grammars — Another Interpretation |I

G = ({57 A; B}, {(l, b}7 Sa {QO7 q1, ;Q8}7 P7 {To, r1,72,. .. 7T8})

ro = (QO7S — AB) {Q17QB7q57Q7}7@)1
= (Q17 A— aAa {QQ}a (Z))'

ro = (g2, B — aB,{q1,3,95,97},0),
r3 = (q3, A — bA,{q4},0),

T4 = (CI4,B — bBa {q17q37q57Q7}7@)1
rs = (g5, A — a,{qs},0),

Te — (q6,B — CL,@,@),

r7 = (q7, A — b,{gs},0)

rg — (QSaB — bv(Z)v )
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Valence Grammar — Definition
Definition ([11]) :
i) A valence grammar over a monoid is a quintuple G = (N,T,S, P,(M,o))
where
— N, T and S are specified as in a context-free grammar,
— (M, o) is a monoid with neutral element e,
— P is a finite set of pairs r = (p, m) with a context-free rule p and m € M.

i) For x,y € V&, k,l € M, we say that (z, k) directly derives (y,[), written as
(x, k) = (y,1), iff there is a pair r = (A — w, m) € P such that
— x =2’ Ax" and y = 2’wz” for some ', 2" € V3 and

— [l =kom.

iii) The language L(G) generated by G is defined as

LG)=Aw|weT" (S,e) =" (w,e)}.
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Valence Grammar — Examples

— ({SaAaB}a {a,b},S, {To,7"1,7“2,’]“3,T4,T5,T6,T7,T8}, (Q7 ))
ro=(S— AB,1), r1=(A—dA,?2), ro = (B — aB,1/2),
r3 = (A —bA,3), ry=(B—5bB,1/3), r5=(4—a,2),
re = (B —a,1/2), r;=(A—0b,3), rs = (B — b,1/3)

L(G) = {wyws | wy € {a,b}*, wy € Perm(wq)}

= (15,4, B}, {a,b}, 5, {7“6,"“’1,7"&,"“37réaréaréﬁ’wTé}n(Z,+))

= (S — AB,0), r}=(A—aA,?2), = (B — aB,—2),
rt = (A — bA, 3), r4—(B—>bB, —3), r5 (A — a, 2)
re = (B —a,—2), r,=(A—b53), = (B — b,—3)

L(G") = {wiws | w1, wa € {a,b} ", 2#,(w1) + 3#b(w1) = 2#q(w2) + 3#p(w2) }
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Valence Grammars versus other Grammars

Additive valence grammar - (M,o0)=(2,+)
Multiplicative valence grammar — (M,o) = (Q,")

AaV — family of all languages generated by additive valence grammars

aV — family of all languages generated by additive valence grammars
without erasing rules

AxmV  — family of all languages generated by multiplicative valence grammars

mV ~ — family of all languages generated by multiplicative valence grammars
without erasing rules

Theorem :
aV = aV CmV = mV =uV
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Conditional Grammars — Definition

Definition ([8]) :
i) A conditional grammar is a quadruple G = (N, T, S, P) where

— N, T and S are specified as in a context-free grammar, and

— P is a finite set of pairs » = (p, R) where p is a context-free production
and R is a regular set over V.

i) For x,y € V3, we say that x directly derives y, written as © = y, iff there
is a pair r = (A — w, R) € P such that z = 2’ Ax" and y = x'wx” for some
z', 2" € Viand x € R.

iii) The language L(G) generated by G is defined as

LG)=Aw|weT* S="w}.

PhD Program Formal Languages and Applications, Tarragona, June 2006 38



Fakultat fur Informatik Universitat Magdeburg

Jirgen Dassow

Conditional Grammars — Examples

G=({S,A,B,A" B}, {a,b},S {rg,r1,...78})
To — (S — AB,S),
r1=(A—aA",V*BV*), ro=(A—bAV*BV™),
rs = (B — aB",V*aA'V*, ry=(B — bB,V*bA'V*),
s — (A/ — A, V*B/V*), Te — (A/ — )\, V*B/V*),
rr = (B'— B, V*AV™), rg = (B’ — \,T*B'T*),
L(G) = {ww | w € {a,b}" }

G' = ({Sv S/>A7 B}v {CL}, S, {r1>70277437704774577“6})
= (S — S'B,SA*), 15— (A— BB,S'BTA"),
s — (S/ — S, S/B+, T4 — (B — A, SA*B+),

Ty = (S—>a,SA*), re = (A—>a,,a+A+)

L(G") = {a,2n | n >0}
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Semi-Conditional Grammar — Definition
Definition ([10]) :
i) A semi-conditional grammar is a quadruple G = (N, T, S, P) where
— N, T and S are specified as in a context-free grammar, and

— P is a finite set of triples r = (p, R, Q) where p is a context-free production
and R and () are disjoint finite sets of words over V.

R (Q) are called the permitted (forbidden) context of r or p, respectively.

ii) For z,y € V3, we say that x directly derives y, written as x = y, iff there is
a triple r = (A — w, R,Q) € P such that

— x =2’ A2" and y = 2'wa” for some 2’, 2" € V7,

— any word of R is a subword of x, and no word of () is a subword of x.

iii) The language L(G) generated by G is defined as

L(G) ={w|weT", §S="w}
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Semi-Conditional Grammar — Examples

G = ({S, Sla S//}7 {a}a S, {?“1, 72,73, 7“4})

ri=(S — 5'8,0,{S5",S",a}), ry=(S"— S",0,{S'S",S,a}),
r3 = (5" = 5,0,{5"5,5"a}, r4a=(5—a,0,{5,5", 5"}

L(G) ={a®" |n >0}

G' = (15,5, 5", A}, {a}, 5,171, 72,73, 74, 75 })

r1= (S —58'5,0,{S", A}), ro=(8"—S5",0,{S}), rs=(5"—5,0,{5"}),
T4 = (S—>A,@, {Sl,S//})v s = (A—>CL,(Z),{S})
L(G") = {a,2n | n >0}
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Random Context Grammar

Definition ([13]) :

A random context grammar is a semi-conditional grammar where the permitting
and forbidden contexts of all productions are subsets of the set of nonterminals.

A permitting (forbidden, respectively) random context grammar is a random
context grammar where all forbidden (permitting, respectively) contexts are
empty.

Example :

G=({S,A A" A, Ay, B,B'},{a,b}, S, {ro,r1,...710})

ro=(S — AB,0,0), r1=(A—aA,,{B},0), ro=(A—bAy{B},0),
rs = (B — aB’,{A,},0), ry=(B—bB' {A},0),

rs = (A, — A {B'},0), reg= (A, — A, {B'},0), r;=(B — B,{A},0)
re =(A— A" {B},0), ro=(B—>XN{A"},0), rio=A"—X0,0)
L(G) ={ww | w € {a,b}* }
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AC =
C _

AsC' —
sC' —

ARC -
RC =

ApRC -

pRC -

Notations
family of all languages generated by conditional grammars
family of all languages generated by conditional grammars
without erasing rules
family of all languages generated by semi-conditional grammars
family of all languages generated by semi-conditional grammars
without erasing rules
family of all languages generated by random context grammars
family of all languages generated by random context grammars
without erasing rules
family of all languages generated by permitting random
context grammars

family of all languages generated by permitting random
context grammars without erasing rules

PhD Program Formal Languages and Applications, Tarragona, June 2006 43



Fakultat fur Informatik Universitat Magdeburg

Jirgen Dassow

Generative Capacity

Theorem :
i) AC =AsC=RE

i) C=sC=CS

Theorem :
i) CF CpRCC RC=M,.CARC.

i) pRC C A ApRC C ARC = A\M..
iy pRCC M
iv) ApRC C \M
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Ordered Grammar — Definition

Definition ([8]) :
i) An ordered grammar is a quadruple G = (N, T, S, P) where
— N, T and S are specified as in a context-free grammar and

— P is a finite (partially) ordered set of context-free production.

i) For x,y € Vg, we say that x directly derives y, written as z = y, if and only
if there is a production p = A — w € P such that x = 2’ Az”, y = 2’wa” and
there is no production ¢ = B — v € P such that p < ¢ and B occurs in z.

iii) The language L(G) generated by G is defined as

L(G) ={w|weT", 5 =" w}
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Ordered Grammar — Example

G=({5,5,8"A,7Z},{a}, S, P)
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Ordered Grammars versus Other Grammars

AfRC — family of all languages generated by forbidden
random context grammars
fRC  — family of all languages generated by forbidden
random context grammars without erasing rules
AO — family of all languages generated by ordered grammars
@) — family of all languages generated by ordered grammars

without erasing rules

Theorem :
i) O=fRCCMNO=MRCCREFE.

i) CF COCrCgy
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Indexed Grammar — Definition |

Definition ([6]) :
i) An indexed grammar is a quintuple G = (N, T, 1,5, P) where

e N, T and S are specified as in a context-free grammar,

e [ is a finite set of finite sets of productions of the form A — w with A € N
and w € VS, and

e P is a finite set of productions of the form A — « with A € N and
ac (NI*UT)*.

The elements of I are called indexes.
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Indexed Grammar — Definition ||

i) For x,y € (NI*UT)*, we say that x directly derives y, written as © = y, if
either

r = x1ABxo for some x1, 20 € (NI*UT)*, Ae N, g eI~
A— X161 X2082... X0, € P,

y = 11 X171X27Y2 - - - XEVET2
with v; = ;0 for X; € N and v, = A for X; €T, 1 <1<k,

or
x = x1Aifxs for some x1, x5 € (NI*UT)*, Ac N,iel, el
A— X1Xo... Xy €1,

y = 21 X111 X2Y2 ... Xpyexo
With%:BforXiENand%:)\forXq;ET, 1 <i<k.
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Indexed Grammar — Definition Il and a Result

—* denotes the reflexive and transitive closure of —.

iii) The language L(G) generated by G is defined as

LG)={w|weT" §="w}

A — family of all languages generated by indexed grammars

I - family of all languages generated by indexed grammars
without erasing rules

Theorem :
CFcl=\ CC(C5-.
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Indexed Grammar — Examples

G = ({S, A, BY, {a,b,c,d}, {f}, S, P)

f={B —bB,B — b},
P={S—aSf,S — A A — cAd, A — B}

L(G) ={a"c™b"d™ |n > 1,m > 1}

G' = ({Sv A}v {CL, b}v {faa b h}a S, P)

fo=1{B — Ba}, f,={B— Bb}, h={B—\},
P={S— Ah,A — aAf,,A — bAf,, A — B}

L(G") = {ww | w € {a,b}*}
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Hierarchy of Languages Obtained by Regulated Rewriting

Theorem : The following equalities are valid:

RE =AMy = MrCye = AP, = ARC = \C = \sC,
CS=C=sC,

AM = MrC = AP,

Mae = 1Chc = Pac = RC,

M =rC =P,

uwV =V =mV = \mV,
aV = \aV,

2O = \fRC,

O = fRC,

I =M\
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Theorem : CTS
The opposite diagram holds. /

If two families are connected by a line O 1 Mac AM

(an arrow), then the upper family includes T / \
(includes properly) the lower family; if two M )\}?RC) mV
families are not connected then they are \ T

not necessarily incomparable.
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Closure Properties

Theorem : The following table holds.

operation M, XM M WV oV I XXO O MRC pRC
union + + + 4+ 4+ + + + +
intersection ? - — - - - - = _ _
complement ? — — — - - - - _ _
Intersection + + + 4+ 4+ 4+ 4+ + + i
by reg. sets

concatenation + + + + - + + + + +
Kleene-closure | + ? ? - - + +  + + +
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operation My XM M VWV oV I MO O MRC pRC
A-free + + + + + + 4+ + + +
morphisms

(arbitrary) -+ - + + + + 7+ ?
morphisms

Inverse + + + + + + + + + +
morphisms

A-free + + + + + + 4+ + + +
gsm-mappings

gsm-mappings | - + - + 4+ + + 7 - ?
derivative + + + 4+ + 4+ + + + +
quotient - + - + + 4+ + + + ?
by reg. sets
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Decision Results |

Theorem :

Let X be a family of grammars generating one of the families
{Mye, M, RC, O, XM, \RC, \O, I,uV,aV}.

Then the equivalence problem

Instance: grammars G; € X and G5 € X,
Answer:  "Yes" if and only if L(G1) = L(G3)

and the problem
Instance: grammar G € X

Answer:  "Yes' if and only if G generates a context-free language.

are undecidable.
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Decision Results |l

Theorem : The following table holds.

grammar membership emptiness finiteness
family problem problem problem
1 NP-complete -+ -+
AO ? ? ?
O + , NP-hard 7 7
M. + , NP-hard - -
AM -+ + , NP-hard + , NP-hard
M + + . NP-hard + ., NP-hard
uwV cLOGCFL 4+, NP-hard + ., NP-hard
RC + + , NP-hard + , NP-hard
aV DTIME(n?) + +
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Reachability Problem for Vector Addition System

An n-dimensional vector addition system is a couple (xq, K') where o € N™ and
K is a finite subset of Z™.

A vector y € N™ is called reachable within (xq, K) if and only if there are vectors
v1,V2,...,0: € K, t > 1, such that

j ¢
x0+Zvi€N”f01‘1§j§t and 5130+Zv7;:y.
i=1 i=1

The reachability problem

Instance: n-dimensional vector addition system (xq, K), vector y € N"™
Answer:  "Yes" if and only if y is reachable within (xq, K)

is decidable (in exponential space).
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3—Partition Problem

The 3-partition problem

Instance: multiset {t1,t2,...,t3.,} of integers and integer ¢
Answer:  Yes, if there is partition {Q1,Q2,...,Qm} of {t1,t2,... t3m}
such that #(Q;) =3 and }_ o s=tfor1 <i<m.

is NP-complete.
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Syntactic Complexity |

Definition :
i) For a grammar G, Var(G) denotes the cardinality of its set of nonterminals.

i) Let X be a family of languages and G(X) the corresponding set of grammars.
For a language L € X, we set

Varx (L) =min{Var(G) | G € G(X), L(G) = L}.

Theorem :
There is a sequence of context-free languages L,,, n > 1, such that

Varcr(Ly) = n,
Vary(Ln) <3, Varp(L,) =1, Varyc(Ly,) =1, Varpre(Ly) < 8.
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Syntactic Complexity 1l

Theorem :
i) For any recursively enumerable language L,

Varsm, (L) <3 and Varyp, (L) <3.

i) Varany,.({a™b"c™d™eP fP | n,m,p > 1}) =3

iii) There is a sequence of recursively enumerable languages L,,, n > 1, such that
f(n) < Varare(Ly) < llogon]+3 forn>1

where f is an unbounded function from N into N.
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Finite Index — Definitions

G — grammar
D=5=w)y— w; — wy — ... —> w,, = w — derivation of w in GG
Ind(G,w, D) = max{#n(w;) | 0 <1 <nj

Ind(G,w) = min{Ind(G,w, D) | D is a derivation of w in G}

Ind(G) = sup{Ind(G,w) | w € L(G)}

Indx (L) =min{Ind(G) |G € G(X),L = L(G)}

Xfin={L|L e X,Indx(L) < oo}
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Families of Languages of Finite Index

Theorem :

i) All the following language families are equal to M;,
Pfin1 (Pac)fin1 Asznv (Apac)firu

Tsz'nv (rCac>fin1 Arcf’in1 (Arcac)finv

>\Mfz'nv (Mac)fz'n1 (AMac)fz’nv RCfi?% ARCfinv

i) pRCin C My C M

Theorem :
Each language in L;,(M) is semilinear.
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